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0.1 Applicable Documents

Jordan et al. (SJ-006) First Look Software Requirements Specifications
Bastian| (BAS-003) Reference systems, conventions and notations for Gaia

0.2 Reference Documents

Bastian, U., 2006, Extended geometric calibration model for Gaia ‘s Astro instrument,
GAIA-ARI-BAS-011-4,
URL http://www.rssd.esa.int/llink/livelink/open/420453

Bastian, U., 2007, Reference systems, conventions and notations for Gaia,
GAIA-CA-SP-ARI-BAS-003,
URL http://www.rssd.esa.int/llink/livelink/open/358698

Bernstein, H., Bastian, U., Hirte, S., 2005, First look - description of the ring solution,
GAIA-ARI-BST-001-5,
URL http://www.rssd.esa.int/11ink/livelink/open/381198

Bombrun, A., Loffler, W., 2008, Helmert Blocking Algebra in ODAS (not published in Livelink

yet),
GAIA-APB-001

ESA Gaia Project, 2006, Mission Requirements Document (MRD),
GAIA-EST-RD-00553,
URL http://www.rssd.esa.int/11ink/livelink/open/463164

Fabricius, C., Masana, E., 2007, Nominal field angles in cycle 2 simulations,
GAIA-C2-TN-UB-CF-004,
URL http://www.rssd.esa.int/1llink/livelink/open/2757946

Hirte, S., Bernstein, H., Bastian, U., 2006, Program description of the ring solution,
GAIA-C3-TN-ARI-SH-003,
URLhttp://www.rssd.esa.int/11link/livelink/open/2698804

Hirte, S., Bernstein, H., Bastian, U., 2007, Results of the Ring Solution,
GAIA-C3-TN-ARI-SH-004,
URL http://www.rssd.esa.int/11link/livelink/open/2760797

Jordan, S., Biermann, M., Brown, A., et al., 2008, First Look Software Requirements Specifica-
tions,
GAIA-C3-TN-ARI-SJ-006,
URLhttp://www.rssd.esa.int/1link/livelink/open/2720764
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Lindegren, L., 2000, Attitude parameterization for GAIA,
SAG-LL-030,
URL http://www.rssd.esa.int/1llink/livelink/open/358607

Lindegren, L., 2001, Proposed prototype processes for the GAIA Global Iterative Solution,
GAIA-LL-034,
URLhttp://www.rssd.esa.int/1link/livelink/open/357825

Lindegren, L., 2003, Algorithms for GDAAS Phase II - Definition,
GAIA-LL-044,
URL http://www.rssd.esa.int/1link/livelink/open/357790

Lindegren, L., 2008, Geometric calibration model for the IM astrometric GIS demonstration,
GAIA-C3-TN-LU-LL-063,
URLhttp://www.rssd.esa.int/1link/livelink/open/510843

Lindegren, L., Bastian, U., 2008, Local plane coordinates for the detailed analysis of complex
Gaia sources (in prep.),
GAIA-LL-061-3
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0.3 Definitions, acronyms, and abbreviations

The following table has been generated from the on-line Gaia acronym list:

Acronym | Description

AC Auto Collimation

AE Astro Elementary

AF Astrometric Field (in Astro)
AGIS Astrometric Global Iterative Solution
AL Acceptance Load

ASM Automatic Storage Management
CCD Charge-Coupled Device

CFS Calibration Faint Stars

CU Coordination Unit (in DPAC)
DFLM Detailed First Look Monitor

DU Development Unit (in DPAC)

FL First Look

FPRS Focal Plane Reference System
FoV Field of View (also denoted FOV)

FoVRS Field-of-View Reference System
GASS GAia System-level Simulator

ICRS International Celestial Reference System

IDT Initial Data Treatment (Image Dissector Tube in Hipparcos scope)
ODAS One-Day Astrometric Solution

ODC One-Day Calibration

OGAl First On-Ground Attitude determination (in IDT)

OGA2 Second (and improved) On-Ground Attitude determination (in ODAS/FL)
RGC Reference Great Circle

RGCS Reference Great-Circle System

SM Sky Mapper
SNR Signal-to-Noise Ratio (also denoted SN and S/N)
UB University of Barcelona (Spain)
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1 Introduction

A 2nd node

e ——,—
- E——

FoV 2

FIGURE 1: During one day the scanning plane of Gaia tilts by about 4° so that only regions
around the two nodes are measured along slightly different direction.

The One-day Astrometric Solution (ODAS) is a part of the Gaia First Look (FL). The aim of
the FL is to check on a daily basis, whether Gaia reaches the targeted level of precision. The
final astrometric precision can only be obtained after many months of observational data have
been incorporated in a global, coherent and interleaved data reduction. Neither the instrument
state nor the data quality can be checked at the desired level of precision by standard procedures
applied to typical space missions. It is desirable to know the measurement precision and instru-
ment stability as soon as possible since unperceived, subtle effects can arise during the mission
which could affect all data and potentially result in a loss of many months of data if not detected
in a timely manner.

Like AGIS, the astrometric ODC, called ODAS, aims at an astrometric self-calibration of Gaia,
but takes into account the special problems of the restriction in the time basis; the input data
consist of a contiguous set of observations down to a magnitude of about G' = 16 for a period of
14 to 24 hours each day. During one day the scanning plane of Gaia will vary only slightly (=~
4°) so that scan directions change only little. Therefore, only the along-scan coordinates along
a Reference Great Circle (RGC) can be measured with high precision, across-scan information
is only provided by the sky mappers, unbinned windows on the AF CCDs, and the finite change
of scanning directions near the nodes of the scanning (Fig,[I). No proper motions, parallaxes,
or global parameters will be determined by ODAS.

In addition to the determination of source positions, very precise values for the geometric cal-
ibration of the CCDs, as well as an attitude solution (OGA?2) being orders of magnitude more
accurate than the attitude solution provided by IDT (OGA1) will be available. Like AGIS,
ODAS will be based on about 1-10% of the observed celestial objects called ‘primary sources’.
For the case of ODAS, these are sources that have passed all tests for being astrometrically
well-behaved, i.e., they are apparently single, they are constant over a day, they are, at the one
hand, bright enough that a high SNR can be obtained for each source and, at the other hand, are
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faint enough that no saturation effects occur.

The primary sources used by ODAS are not necessarily the same as the primary sources of
AGIS. The same celestial source can be judged as being primary source one day and then fail
to meet the criteria another day. In order to distinguish them from the their AGIS counterparts
we will call them one-day primary sources.

The input data for ODAS consist of the elementary observation data for the one-day primary
sources, the OGAI1 produced by IDT, a catalogue of the cross-matched sources with source
positions calculated for the time of the observations, and a set of calibration parameters, copied
from the Main Database.

The so-called Ring Solution (see |Hirte et al. (SH-003); Bernstein et al. (GAIA-ARI-BST-001-
S))) will be used as the basic module of ODAS. This is a direct (non-iterative) solution of the
astrometric problem restricted to about 24 hours. Therefore, the correlations between source
positions, attitude, and geometric calibration can be fully taken into account.

The output data of ODAS consist of the updated source positions for the one-day primary
sources, the attitude, calibration parameters for the current observation time interval as well
as residuals and normalised residuals for each elementary observation.

The investigation of the calibration parameters itself and the residuals of the ODAS solution is
the tool to investigate whether the daily measurements are of the necessary precision to comply
with the goals of Gaia as defined in the Mission Requirements Document ESA Gaia Project
(GAIA-EST-RD-00553).

2 Definition of the most important indices used in this docu-
ment

For the definition of indices I use the same convention as [Lindegren| (LL-063):

¢ identifies an observation (the transit of one source across a single CCD chip)

1 identifies the source

f identifies the FoV (Astro-1 or Astro-2)

n identifies the CCD chip. Actually, it may refer to the stitches of a CCD in future
development cycles.

m identifies the pixel column on the chip. p is the continuous version of m allowing
for fractions of pixels.

Gaia DPAC Document 10
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* jidentifies a “short” calibration time interval (AGIS assumes constancy over months;
in the case of ODAS the time interval is the current day).

* [k identifies a “long” calibration time interval (AGIS assumes constancy of almost
the whole mission;in the case of ODAS the time interval is the current day).

The indices i, f, n, m are known from the AstroElementary record for the observation /.

Additionally, the index w is used for the knot index of the B-splines representing the attitude
parameters with v defined by ¢, < tgbs < tyy1 t‘gbs is the time of the observation ¢ (the time
when the centroid of an image is crossing the nominal fiducial line; this time is directly provided
in the AstroElementary records).

3 ODAS input and output data, auxiliary data

The input to ODAS consists of

* AstroElementary records of all ODAS primary stars.(+additional stars?), provided
by IDT

* an input star catalogue which contains at least the astrometric parameters of all
sources, for which AstroElementaries are read in

* a cross-match table which related AstroElementaries to the observed sources (pro-
vided by IDT)

* An initial attitude (OGAI, provided by IDT)

* Initial values for the 828 large-scale geometric parameters (coefficients of Legrange
polynomials up to the second degree) (6 for all 14 SM CCDs, 12 for all 62 AF
CCDs, see Fig.[0). If no reliable initial list exists, we can start by setting all these
parameters to zero. At the start of the mission, nominal or pre-launch calibration
values should be used. During the mission, updated values from previous ODAS
runs or previous AGIS runs are to be used.

* Initial values for the xx small-scale geometric parameters (1966 x 2 for each CCD,
298832 for all 76 SM and AF CCDs). These values are only used and not updated!
If no reliable initial list exists, we must set these parameters to zero. Intital values
from previous analysis of the ODAS residuals or from previous AGIS runs.

The output of ODAS consists of

Gaia DPAC Document 11



Gaia

: PAC C U3'D U360 GAIA-C3-TN-ARI-SJ-009-01

* An updated star catalogue in the RGCS, in which the source positions are updated.
The other astrometric parameters (proper motion, parallaxes, and radial velocities
are kept constant.

* The updated star catalogue converted to ICRS.
 An updated attitude (OGA2RG®S) defined in the RGCS.
» OGA2RGCS converted to the ICRS.

» Updated values for the 828 large-scale geometric parameters (coefficients of Legrange
polynomials up to the second degree) (6 for all 14 SM CCDs, 12 for all 62 AF
CCDs, see Fig.[6). As long as simulation data do not take into account CCD dis-
tortions, we can restrict the updates to the zero-order and first-order large-scale
geometric parameters.

* Residuals for all along and across-scan observations.
* The rms of the residuals.

* Supplementary information for the residuals which is used by the ODAS-related
DFLM (see OdasResiduals definition in the Gaia Main Database Dictionary Tool).

We need auxiliary data for the

* Gaia Orbit
* Solar system ephemeris.

e OBT-TCB relation.

4 General ODAS data flow

As stated above, the ODAS performs an astrometric solution for the Gaia data of one day.

The adequate coordinate system for the ODAS is the so-called Reference Great Circle System
(RGCS), where the Reference Great Circle (RGC) is defined to coincide closely with the mean
scanning plane of Gaia during the (approximately) one-day time period for which the ODAS
solution is performed.

The advantage of this choice is that the longitudinal RGCS coordinate v measured along the
RGC is closely related to the along-scan measurements, while the latitudinal RGC coordinate
r changes approximately in across-scan direction. The largest deviations of the along-scan

Gaia DPAC Document 12
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FIGURE 2: Data flow and major software blocks of ODAS.
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Updated Updated
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catalogue OGA2
in RGCS in RGCS

N/

Rotation of source parame-
ters and attitude to ICRS

£\

Updated

star OGA2
catalogue in ICRS
in ICRS

FIGURE 3: ODAS data flow (continued): Transformation of results to ICRS .

directions from the being parallel to the RGC are £2° at the nodes of the scanning-law (see

Fig,[I).
The block diagram of the ODAS data flow is shown in Fig.[2]

In the first step of the ODAS, the astrometric parameters (source positions « and 9, proper
motions i, and is; the parallaxes and radial velocities are not affected by the choice of the
coordinate system) of the objects in the initial input star catalogue must be converted to the
RGCS (v, 7, fi,, ptr). The relevant formula are listed in Sect.[10.1] Besides the astrometric
parameters of the sources, the attitude (OGA1) must also be transformed to the RGCS (see
SectD.1l

In order to determine the calculated field angles for a given observation (and their derivatives
with respect to the source positions, the attitude parameters and the geometric calibration pa-
rameters), we need the observation time from the Astro Elementaries, the identification of the
source (via the cross-match table), the source position and proper motion of this source (now
in RGCS), the attitude OGA1 (converted to the RGCS), the large-scale and small-scale geo-
metric calibration parameters, the position of Gaia at the time of the observation (via the Orbit
File), and the Ephemeris of the solar-system objects which significantly contribute to the light
bending (Sun, Earth, Jupiter, Saturn, ...).

Using for each source ¢ the vector [g, containing the differences between observed and cal-
culated field angles (left-hand side of the observation equation, Eq.[2T), the source block S;
(Eq.}46] the attitude/calibration block of the design matrix O; (Eq.[d7), and the weight matrix
W;, the contribution of the source i to the reduced normal equation can be computed (Eq.[53).
Additionally, fictitious observation equations (in order to enforce normalisation of the attitude
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quaternions, see Sect.[5.8)) and constraints for the geometric calibration parameters (in order to
avoid degeneracy with the attitude parameters, see Eq.[15])) must be taken into account.

After the normal matrix and the left-hand sides have been built up, the reduced normal equa-
tions are solved for the updates of the attitude unknowns (in a coordinate system which due to
remaining degrees of freedom is rotated against the RGC) and the updates to the large-scale
geometric geometric parameters (independent of the coordinate system).

With the attitude and geometric calibration parameters known, the source parameters can be
determined by a back-substitution process (see Sect.[6.6).

Since our method still contains a degeneracy between the attitude and the source positions the
results for these unknowns are provided in a coordinate system, which may be rotated against
the RGCS. Therefore, the updated star catalogue is rotated by two angles, until the coordi-
nate differences between the updated star catalogue and the input catalogue (converted into the
RGCS) are minimised in a least-squares sense. Using these rotation angles, the attitude is also
transformed into the RGCS.

The First Look can fully be performed in the RGCS, but if the source positions or the updated
attitude (called OGA?2) is used for other purposes, the source catalogue and the OGA?2 should
also be made available in the ICRS (Fig.[3) (formula given in Sect/[10.1]and [0.1).

In order to consider outliers, a second ODAS run is necessary which, after deletion or down-
weighting will use the updated star catalogue, attitude and large-scale geometric parameters
from the first ODAS run. This will also minimise small non-linearities in the ODAS.

The output of the ODAS, in particular the ODAS residuals and errors of the ODAS residuals

will be investigated with the ODAS-related Detailed First Look Monitor and Evaluator (see
Jordan et al.| (SJ-006]))).

S The observation equation

5.1 Abstract definition

The term “observation equation” is often used in astrometry and geodesy. In other fields of
science, the same concept is usually called “condition equation”.

The actual observation can always be expressed as the sum of a modelled observation and an
error term:
O° = O™ (g ... x,) + error
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The model depends on the parameters xy, .. ., 7).

If we apply Taylor’s theorem, where we expand about the model computed using provisional

arameter values (22, ..., 2%) and ignore second and higher order terms,
1 »p
p aOmodel
model __ model /.0 0 0
O =0 (2, xp) + E <xi_xi)—8x~
. 1

Then the linearised observation equations are given as

P aOmodel aOmodel
AO =0 — 0™ (), ... a)) = E (z; — 1)) ——— + error = E Ax;——— + error
- 8:61 8;1:1
i=1 =1
If we have o observations O™, ... O and write the equations in matrix form, we have
domodcl O{nodcl aomodcl
A0y (?:odel x?\:f)?lel o ?:udel Azy errory
203 D 203
( 20, ) ol Bl el | e Rl e M
A0, pomedsl  gmedel | pomedel A
ESY dxo e dzyp
Ao Ax error
A

A is called Design Matrix (a special form of a Jacobian matrix). O™°%! is usually called the
“predicted” or “calculated” observation.

5.2 The astrometric measurements

The astrometric measurements of Gaia consist of

« the observation times 3" when the centroid of an image is crossing the fiducial line
of the relevant CCD (along-scan measurements)

¢ and the transverse pixel coordinate 1, (across-scan measurements, not always avail-
able on AF2-9).

In [Lindegren| (LL-063) it is explained that it is of great advantage to formulate the observation
equations for both, along-scan and across-scan, in field angles 7 (along-scan) and ( (across-
scan), since we can deal with angles in both cases rather than with times and angles, and one
avoids more complex calculations of predicted transit times.
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In order to determine the observed across-scan field angles, the transverse pixel coordinate /i,
must be transformed according to the current geometric across-scan calibration. In order to
determine the “observed” along-scan field angles, the current geometric along scan calibration
must be computed at the given across-scan pixel coordinate ji,.

5.3 The left-hand side of the observation equation

Let

* F'be the nominal focal length (:Satellite: Telescope_FocalLength, currently = 35 m)

* f be the field of view (Fov l=preceding field of view, representing light collected
by telescope 1, FoV 2=the following field of view, representing light collected by
telescope 2)

* 2o(f) be the nominal FPRS across-scan coordinate of the intersection of the optical
axis with the focal plane for the two FoVs (:Satellite:FoV_Centre_AC-10~2 m/mm,
currently —37.5mm-10~*m/mm= —0.0375m for FoV 1, and +37.5 mm-10~3 m/mm=
4+0.0375 m for FoV 2)

* 3o(f) be the nominal FPRS along-scan coordinate of the intersection of the optical
axis with the focal plane for the two FoVs (:Satellite:FoV_Centre_AL-10~2 m/mm,
currently O m for FoV 1, and O m for FoV 2). Therefore, y, is currently not FoV
dependent.

* z., be the nominal FPRS across-scan coordinates of the geometrical centres of the
image section of the CCDs in the focal plane (array :Satellite:SM:CCD _Position_NominalX-10~3
m/mm for the SM CCDs, array :Satellite: AF:CCD_Position_NominalX-10~3 m/mm
for the AF CCDs). The mapping of the CCD designation n to the array indices is
described in the Gaia Parameter Data Base description of the array.

* 9.» be the nominal FPRS along-scan coordinate of the geometrical centres of the im-
age section of the CCD n in the focal plane (array :Satellite:SM:CCD_Position Nominal Y-10~3
m/mm for the SM CCDs, array :Satellite: AF:CCD_Position_Nominal Y-10~2 m/mm
for the AF CCDs). The mapping of the CCD designation n to the array indices is
described in the Gaia Parameter Data Base description of the array.

* /. be the nominal center of each CCD in across-scan CCD pixel coordinates
(:Satellite. CCD_LIGHTSENSITIVEAREA_AC_ZEROPOINT +
((:Satellite. CCD_NUMBEROFCOLUMNS - 1.0d) * 0.5d), which is = 14+ (1966 —
1)/2 = 996.5)

* K. be the center of each CCD in along-scan CCD pixel coordinates, i.e. in CCD
lines (1+((:Satellite. CCD_NUMBEROFTDILINES - 1)/2), which is = 1 + (4500 —
1)/2 = 2250.5.

Gaia DPAC Document 17



Gaia

: PAC C U3'D U360 GAIA-C3-TN-ARI-SJ-009-01

* Kfiducial(g) is the position of the nominal fiducial line in along-scan pixels (:Satel-
lite:CCD_TDILine _NominalFiducial), the index corresponds to the gate g with the
first index corresponding to gate 1, and the 12'" index to gate 12. Index 13 means
“no gating”. The current (Cycle 6) values of Kgducial are listed in Tab.[T]

* s, be the nominal AC pixel size (:Satellite. CCD_PIXELAREA_AC * 1.0E-6, cur-
rently = 30 - 107 m)

* s, be the nominal AL pixel size (:Satellite. CCD_PIXELAREA_AL * 1.0E-6, cur-
rently = 10 - 107 m)

Due to the formulation of both the along-scan and the across-scan observation equation as field
angles, the actual observation 5" enters the “calculated” (model) side of the along-scan obser-
vation equation rather than the “observed” side. On the other hand, the geometric calibration
parameters enter the “observed” side.

The “observed” along-scan field angle is the along-scan field-angle position of the fiducial line
(which depends on the gating) of the relevant CCD chip and pixel column, according to the
current geometric calibration. This is modelled as:

ﬁ?bs = 772 + A77fnj + 577nmk + ... (2)

The “observed” across-scan field angle is, analogously:

t?bs: 2f+(:u_/~bc)s$/F+ACf”j'+6<nmk+--" €)

Note, that the ¢° s 1s depending on the FoV for the simulations performed in cycle 5 and later.
Since (), refers to the center of the CCD (11 = i.), the term (p1 — f1.)s,/F' determines the field
angle for other values of the across-scan pixel coordinate .. This term was not mentioned in the
current version of Bastian| (GAIA-ARI-BAS-011-4) and Lindegren|(LL-063) but was accounted
for by the AGIS software (priv.comm. with Uwe Lammers). If this term would be neglected,
the 1 dependence would cause non-zero values of the across-scan geometrical parameters even
for a nominal Gaia.

For a given gating (which defines the position of the fiducial line), the geometric calibration is
given by the nominal along-scan coordinate 70 associated with each CCD chip (both for ASM
and AF), together with the nominal basic angle, and the nominal across-scan coordinate (Y g of
each ASM chip. These nominal values are never changed. The actual calibration is expressed
as small corrections to these nominal angles. In the present model, all geometric calibration
parameters are expressed in radians (Lindegren (LL-063)).

The 72 and ¢° s are calculated according to Eqs. 3 to 6 in Fabricius & Masana| (CF-004).
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TABLE 1: The position of the nominal fiducial transit line for each gate. The values in
this table are provided in the array :Satellite:CCD_TDILine_NominalFiducial=[3.5, 5.5....,
2253.497329773031] in the Gaia Parameter Data Base. When converting to Java, note that
the gates are counted from 1 to 12 and “none” corresponds to the last entry. See [Fabricius &
Masana (CF-004). The numbering of the gates is consistent with [Fabricius & Masana) (CF-
004)) but differs from the one used in the GaiaTools routine WindowCoordinateConversion in

gaia.cul.tools.satellite.coordinate.

Gate (g ) Length KRfiducial
1 2 3.500000000000

2 4 5.500000000000

3 8 9.000000000000

4 16 13.750000000000

5 32 22.125000000000

6 64 38.312500000000

7 128 70.406250000000

8 256  134.453125000000

9 512 262.476562500000

10 1024 518.488281250000
11 2048 1030.494140625000
12 2900 1456.495862068966
none 4494  2253.497329773031
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Then
M = _((ycn - (K'ﬁducial - KC)Sy) - yo)/F (4)

0= —(Ten —20(f))/F (5)

This result can be obtained by the following call to the relevant GaiaTool’s method in the class
gaia.cul.tools.satellite.coordinate:

Y =fromWinCoordToFovRs(byte fov, byte ccdRow,byte ccdStrip, byte gate, double mu).get. X()
See the Javadocs for the definition of fov, ccdRow, ccdStrip, and gate.
The output is independent of the input value for mu=g.

0 s =fromWinCoordToFovRs(byte fov, byte ccdRow,byte ccdStrip, byte gate, double mu).get. Y ()
mu must be set to p = p. = 996.5.
The FL has asked CU2 (JP) to deliver the 7;) and (), as a routine deliveray of GASS.
Anynj and A(yy; are determined from the large-scale geometric parameters as defined in Sect.
577nmk and 0(,,,.. are the small-scale geometric parameters. The dots indicate, that magnitude
and color dependent terms may have to be added in the future but are not taken into account in
development cycle 6. The small-scale parameters will not be updated by ODAS.
The “computed” along-scan field angle is

" = Fy(t7™, 86, a(t3™)) (6)

The computed across-scan field angle is

= (1, 51, alt5™)) ™

The function F' = (F),, F;) calculates the predicted field angles (7, (;) from an assumed posi-
tion of the source (from the input source catalogue) corresponding to the observation ¢ and the
assumed attitude for the observation time #9>*.

In AGIS the astrometric source parameters and the attitude are defined in the ICRS. The Java
method getPredictedFieldAngles in the Java class AngleCalculatorImpl E] calculates [ and the

1Often, Ang,,; and A, itself are called geometric parameters. However, the parameters used in the extended
geometric calibration model are the coefficients of the Legendre polynomials
2gaia.cu3.agis.algo.gis.fieldangleimp. AngleCalculatorImpl.java
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partial derivatives with respect to the source position and the attitude. For this the attitude
and the proper direction (and its partial derivatives with respect to the attitude) are needed.
Alternatively, we can use the Gaia Toolbox routine toProperSourceDirection and perform the
conversion to field angles and derivatives of field angles with respect to source parameters and
attitude parameters by using the method described in Sect.[I1]

The function F' involves the proper direction to the star at the observation time. In order to
calculate this, we also need the barycentric ephemeris of the satellite, of the Sun, and of those
major planets which are taken into account for the relativistic model.

Fig.[] sketches how the calculation of the predicted field angles and their derivatives depend on
input data and data models.

If we want to do the calculation in the ODAS RGCS, a couple of modifications are needed.

The left-hand side of the observation equation is defined as the difference between the observed
and computed values:

AW — nz)bs o ngalc (8)

and

ACZ — z)bs o écalc (9)

5.3.1 The extended geometric calibration Model by BAS-011

Bastian| (GAIA-ARI-BAS-011-4) has extended the geometric calibration model of Lindegren
(GAIA-LL-044) by introducing higher-order large-scale calibration parameters in the form of
coefficients of Legendre polynomials, by across-scan calibration of all CCD strips, and by a
specific form for the across-scan pixel coordinates. Additionally, |Lindegren| (LL-063)) has mod-
elled the magnitude-dependent (photometric) and colour-dependent (chromaticity) geometric
parameters.

The geometric calibration models distinguish between “large-scale” and “small-scale” geomet-
ric parameters. The large-scale parameters provide a calibration for each CCD and, for the AF
CCDs for each FoV separately. To the two SM CCD strips, only one FoV is connected (SM1
connected to FoV 1, SM2 connected to FoV 2); therefore, the large-scale parameters apply to
the CCD only.

The large-scale shifts are called Any,; and Ay,
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FIGURE 4: AGIS calculates the predicted field angles and its derivatives with respect to the
astrometric parameters and attitude B-spline coefficients with the Java method getPredicted-
FieldAngles in the Java class AngleCalculatorlmpl. This method can be re-used in ODAS, if
the proper transformation from the ICRS results into the RGCS is made. Alternatively, we
can use the Gaia Toolbox routine toProperSourceDirection and perform the conversion to field
angles and derivatives of field angles with respect to source parameters and attitude parameters
by using the method described in Sect.[I1]

Additionally, small-scale parameters 07),,,,x and 0, exist. ODAS itself will not update these
values, but we must be able to apply these calibration parameters. From the ODAS residuals,
updates to the small-scale parameters can in principle be determined which can be applied the

following days.

The large-scale calibration model, according to Bastian| (GAIA-ARI-BAS-011-4) is

2
Anpni(it) =D Aty i L}
r=0

()

(10)

Gaia DPAC Document

22




Gaia

: PAC C U3'D U36O GAIA-C3-TN-ARI-SJ-009-01

i 1s the CCD-specific normalized across-scan pixel coordinate (following Bastian| (BAS-003)):

= o+

11
1966 (b

n=

Here 1 is the across-scan zero point of the CCD’s light sensitive area. Its value is provided by
the Gaia Parameter Database value :Satellite. CCD_LIGHTSENSITIVEAREA _AC_ZEROPOINT=
14. Eq.[IT]ensures, that i = 0.5 for y = p.. (with p. being the across-scan centre of the CCDs

in pixel coordinates, see |[Fabricius & Masana| (CF-004)) and that 0 < i < 1 for the entire AC
extent of a CCD.

Since GASS is using this definition of p, the shift by p pixels is necessary in order to keep [i
between 0 and 1 (as is necessary for the calibration model as defined by Bastian (GAIA-ARI-
BAS-011-4).

1966=:Satellite:CCD_LightSensitiveArea_AC_Pixel is the total number of pixel columns in the
light sensitive area of each CCD.

L (f1) are shifted Legendre polynomials. They are normalized so that L*(1) = 1. The three
Legendre polynomials which are currently considered for ODAS areE]

L) = 1

(12)

The actual along-scan calibration unknowns for ODAS are Ay fy,;, ANy fr;, and Ang ppj.

Anjg fn; corresponds to a simple shift in 1 (because L (/1) = 1), the Any f,; L (1), and Ang f,;L5(f1)
terms corespond to a shear and image distortion (see Fig.[3).

In the same way, the large-scale across-scan calibration is defined by

2
Alpni (i) =D AG s Li (1) (13)
r=0

Along-scan and across-scan calibration is necessary for all SM and AF CCDs. For AF2-9,
across-scan calibration is only possible with the windows of bright stars and so called CFS
(Calibration Faint Stars).

3For the cycle 6 development, the second-order term can be neglected. The software design needs to be flexible
to fill-in additional geometric parameters.
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FIGURE 5: Fiducial line of a CCD with all geometric calibration parameters = 0 (left),
with only a zero order term Anyg r,; # 0 (shift, 274 from left), with also a first order term

Any fnj # 0 (shift+shear, 374 from left), and with also a second order term A7 tmj # 0
(shift+shear+distortion, right).

In order to avoid degeneracy between the attitude parameters and geometric calibration param-
eters, the zeroth order large-scale geometric parameters are subject to the constraints

SM1.7 AF9.7 SM2.7 AF9.7
Z ANy 1nj + Z ANy 1nj + Z Ang on; + Z Ang 2n; =0
n=SM1_1 n=AF1_1 n=SM2_1 n=AF1_1
SM1.7 AF9.7
Z Ao 1nk + Z Ao 1ax =0
n=SM1_1 n=AF1_1
SM2.7 AF9.7
Z Ao 2nk + Z Ao 20k =0
n=SM2_1 n=AF2_1
(14)
7 and k are assumed to be constant over one day. In the following, j = k£ = 1. For the

across-scan large-scale geometric parameters, two separate sums for each FoV must be zero.

Note, that for SM1 only the parameters A7y 1,; and A(p 15, exist, and no Ang 2,5 or Ay 25,
For SM2, only A7y 2, and Ay 2,,; exist, and no Ang 1,,; or Ay 1nj-
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In the matrix form Hhy = ry used by Bombrun & Loffler] (GAIA-APB-001)) these constraints
are written as

Anp 1,5M1.1,1

Anp 1,5M1.7,1
Ano 1,AF1.1,1

Ang 1,AF9.7,1
Anp 2,AF1.1,1

Ang 2,AF9.7,1

A(
1 11 11 1 ] o0 0 0 o | o 0o o0 0 01,SM1.1,1 o
0 0 0 0 o0 0o | 1 101 1] o0 0 0 0 : =| o
0 0 0 0 0 o | o 0 0 | 1 11 1 0

A¢o 1,5M1.7,1
ACo 1,AF1.1,1

Alp1,AF9.7,1

Alp2,sM1.1,1

Alp2,5M1.7,1
Alp2,AF1.1,1

(15)

Ao 2,AF9.7,1

Problem to be solved later: As we have found out during a discussion, we cannot simply assume
that the geometric calibration is the same for all windowing schemes. We have to assume
that the final calibration model will have different calibration parameters for different window
classes (which depend on the magnitude and on the usage of the special calibration mode). This
problem is of general importance for the astrometric calibration and goes beyond the question
of the FL (ODAS) calibration alone. Discussion on CU3 level is needed before a decision what
is applied within the ODAS is taken. For development cycle 6, no dependence of the geometric
calibration on the window class is assumed.

Stitching: CCDs are not produced with a single electron etching run, but in segments called
stitches. The different stitches of a CCD may therefore need different calibrations. Then the
CCD index would refer to the stitches rather than the full CCD. For development cycle 6 we
assume only one set of parameters per CCD, i.e. not per stitch. The software needs to be flexible
to account for the geometric calibration on the level of stitches in the future.

Gating: We do not use gating in the development cycle 6 software. For ODAS, gating in essence
extends the variety of window classes. For the proper FL purpose of ODAS, the usage of gated
observations can probably be avoided even in the real mission. This must be taken into account
in the filter process defining the ODAS primary stars.
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Ano1,ar17 Ang1,ar2z Amo 1,aFs7 Amo 1,aFa7 Amno 1 aFs7 Amno 1, ar6r Ano1,ar7a Ang1,arsz Amo 1,ar07
Amnyariy Ay 1,ar27 Amny1,apsy Any1arar Any 1,457 Amny 1,467 Amny1aFy Amny1arsy Amny1,ar07
Amna 1 arin M21,4F2.7 Ay 1,ap37 Amny 1apa7 Ans 1 arsy Ans 1 arer Ana 1 ar77 Amns 1 arsy Amns1ar97
Ang 1,5Mm17 Ang 2,sMm2.7 Ao 1,4F17 Ao 1,4F2.7 Ao 1,4aF3.7 Ao 1,AFa7 Ao 1,4F5.7 Ao 1,4F6.7 Ao 1,4F7.7 Ao 1,aF8.7 Ao 1,4F9.7
ANy 1,sm17 ANy o, sm27 ACi1,4aF17 ACy 1,427 Ay 1,aF37 DGy 1,aF47 AC1 1,AF5.7 AC1 1,AF67 ACi1,aF77 ACy1,ar8.7 Ay 1,aF9.7
A smig Amny 2 sm27 ACo1,aP17 A2 1,aP27 A2 1,aF3.7 A2 1,aF47 AC2 1,457 AC2 1,aF6.7 ACo1,aP77 A2 1,ar87 A2 1,aF0.7
Aco 1,5Mm17 ACo 2,s5M2.7 Amng 2.ar17 Amng 2. ar27 Amng 2,.ap37 A 2,ap4.7 Ang 2,457 Ang 2, aF6.7 Amng 2.ar77 Amng 2.ars7 Amng 2,ar0.7
Ady 1, sm17 ACy 2, sm27 Amny 2 arig Amny 2 ap27 Amny 2 apsg Any 2 apan Ay 2 arsy Ay 2 arer Amny 2 ar77 Amny 2 arsy Ay 2 ap97
Az 1,517 A 2, 5027 Amn 2 arig Amns 2 ar27 Amnz 2ar37 Anz 2 aray Ana 2 arsy A2 areT Amna 2 ar77 Ans 2 arsg Amnz 2ar97
ACo 2,aF17 Ao 2,aF27 Ao 2,aF3.7 Al 2,AF41 ACo 2,aF5.7 ACo 2,aF6.7 ACo2,aF77 ACo2,4r8.7 ACo 2,4r0.7
ACi 2,4F1, ACt 2,472, ACi 2,43, AC 2,4F4, ACi 2,4Fs, ACi 2,46, AC1 2,4F7, AC1 2,aFs, ACi 2,49,
A2 2,.aP17 A2 2,.ap2.7 A2 2,ar3.7 A2 2,ar47 A2 2,4F5.7 AC 2,aF67 A2 2,aP77 A2 2ap8.7 A2 2,ar0.7
Ano1,ar16 Ano 1,426 Ano 1,436 Ano 1,4F46 Ano 1,4F5.6 Ano 1,4F6.6 Ano 1,476 Ano 1,ars6 Ano 1,4r9.6
Amni1,aF1s Amni1,aF26 Any 1,436 Any1,aras Any1,aF56 Amy Amni1,aF7s Amni1.aFs6 Amny1,ar96
Amna1arF16 Amns1,ar26 A 1,aF36 A 1,aF46 Ans1,ars6 An, Amna1,aF76 Amns1,ars6 Amns1,ar96
Amng 1,sM16 Amng 2.sM26 AGo 1,4F16 AGo 1,4r256 Ao 1,4r356 Ao 1,4r46 Ao 1,4F56 Acoy AGo 1,4F76 ACo 1,4r86 Ao 1,4r96
Ay 1,5M16 ANy 2, 5m26 ACi1,4F16 AG1 1,426 AGi1,4F36 AGi1,4aF46 AGi1,4F56 Acy AC11,4F76 ACi1,4F86 A1 1,4F9.6
Ans 1, 5M16 AN 2 5M2.6 AC21,4F16 Ay 1,426 A2 1,4F36 AC21,AF46 AC21,4F5.6 AC21,4F6.6 AC21,4F76 AC21,4F86 A2 1,4F96
Aco 1,5M1.6 ACo 2,5M2.6 Amng 2.aF16 Amng 2,.aF26 Amno 2,aF36 Ao 2,446 Ano 2,4F5.6 Ao 2,aF6.6 Amg 2.aF7.6 Amng 2, aF8.6 Amno 2,4aF9.6
Adi1,5M16 ACy 2, 5M26 Amny2aris Ay 2.ar26 Ay 2ars6 Any 2 ar46 Any2ars.6 Ay 2aF6.6 Amny2aF7s Amny2arss Ay 2ar06
Az 1,5M16 Al 2,5M2.6 A2 aris Ans 2ar256 A3 2 ar36 ANz 2 ar46 Ans 2 arse Ana 2 ar6e A2 ar7s Ans 2 arss Ans 2ar96
ACo2,AF16 Ao 2,4F26 ACo2,4F36 ACo 2,4F46 ACp 2,456 ACo 2,4F6.6 ACo 2,AF76 ACo2,4F86 Ao 2,4F9.6
A1 2,471, AC12,aF2, AC1 2,43, AC12,aFa, AC12,aFs5, Ay 2,aF0, Ay 2,477, AC1 2,478, AC12,4F9,
AC2 2,4F16 AC2 2,4F26 A2 2,4F36 A2 2,4F46 A2 2,4F5.6 AC2 2,466 AC2 2,4F7.6 A2 2,.ar86 A2 24806
AN 1,aF15 AN 1,ar25 Ano 1,ar35 Ano1,aFas Ang 1, 4r5.5 Ang 1, 4765 AN 1,ar75 Amng 1,aF85 Ang 1, ar95
Ani 1 aris Ay 1ar2s Any 1,43 Any1,aras Any1,arss ANy 1ares Any1arts Any1arss Any1,ar95
Amna1aF1s Amnz1,aF25 A 1,4F35 An 1aFas An 1aF55 Ana1,aF65 Amna1,aF75 Amns1,aF85 Amns1,4F95
Amg 1,5M15 Amg 2, sM25 Aco 1,4F15 Aco 1,4aF25 ACo1,4F35 Ao 1,4F45 Ao 1,4F55 AGo 1,4F65 AGo 1,4F75 ACo1,4F85 ACo 1,4F95
Amny 1 smis Amny2sM25 AC11,4F15 ACi1,ap25 ACi1,ar35 A1 1,ar45 A1 1,4F55 AC11,4F65 AC11,4F75 ACi1,aP85 ACi1,ar95
Ang1,5M15 Ans 2 50m25 AC21,aF15 A2 1,4F25 AC21,4F35 A2 1,445 A2 1,4F55 AC21,4F65 AC21,4F75 AC21,4F85 A2 1,4F95
Ao 1,5m15 Ao 2,sm25 Ano2,ar15 Ang2,ar2s Ang2arss Amo 2, aFas Ao 2,aF5.5 Ao 2,aF6.5 Ano 2,ar75 Ang2,arss Ang2,ares
Adi1,5M15 A 2, 5M25 Amny2aF1s Ay 2.aF25 Ay 2,aF35 Ani2aras Amni2aF5.5 Amy 2,aF6.5 Amny2.aF75 Amny2.arss Ay 2,.4r95
Az 1,5M15 A2 2,5M25 Ans 2 ar1s Ans 2 ar25 Amns 24835 AN 2ar45 Ans 2 arss Ana 2 ares Ana 2 aF75 Amns 2 arss Amns 24895
ACo 2,4F15 ACo 2,ar25 ACo 2,ar35 Ao 2,ar45 Ao 2,4F5.5 ACo 2,465 ACo 2,4F75 ACo2,ar85 ACo 2,ar95
AC1 2,481, AC1 2,AF2, ACy 2,AF3, ACy 2,AFa, ACy 2,AFs, AC 2, AF6, AC1 2,4F7, AC1 2,AFs, ACi 2,49,
A2 2,4F15 A2 2,4F25 A2 2,4F35 AC2 2,AF45 AC2 2,4F5.5 AC22,4F65 AC22,4F75 A2 2,aF85 AC2 2,4F05
Ang 1,ar14 Amno 1,ar2.4 Amno 1,ar34 Amno 1,ar44 Ano 1,ar5.4 Ao 1,ar6.4 Ano 1,aF74 Amno 1,ars4
A1 ar1a A1, ar2a ANy 1,arsa ANy 1, araa ANy 1, arsa Any 1, ar6.4 ANy 1, ar7a AN 1,arsa
Anz1aria Anz1,ar2a Anz1,aF3a An1,aFaa Any 1,aF5.4 Anz1,aF6a Anz 1,474 Anz1,arsa
Amng 1.5M14 Amng 25024 Aco1,4F14 ACo 1,4F2.4 ACo1,4F3.4 Ao 1,AF44 Ao 1,AF5.4 AGo 1,4F6.4 ACo1,4F74 ACo1,aF8.4
Ay smia Ay 2 sm2a Ad11,4F14 A1 1,aP2.4 A1 1,4F3.4 A1 1,AF44 A1 1,4F5.4 AC11,4F64 AC11,4F74 A1 1,ar84
Ans 1 smia Ans 2 524 Az 1,aF14 Az 1,ap24 AC2 1,ar34 A2 1,4r44 Az 1,4F5.4 AC2 1,4F64 AC2 1,aF74 A2 1,aP54
Ao 15014 ACo 2,50m2.4 Ang 2,414 Ang 24524 Ang 2,ar3.4 Ano 2,aFaa Ang 2,4F5.4 Anog 2,4F6.4 Ang 2,474 Ang 2,484
ACy 15014 ACi 2,5M2.4 A2 aFia ANy 2,aF24 Any2aF3.4 ANy 2 aFaa ANy 2 aFsa ANy 2 aF6a A2 aF7a AN 2aFs4
A2 1,5M14 A2 2,5M2.4 Ana 2 aFia A 2aF24 A2 aF34 Ans 2 araa Ana 2 aFsa Ana 2 aF6a Ana 2 aF7a Amn 2 arsa
ACo2,4F14 ACo2,ar2.4 ACo 2,AF3.4 Ao 2,AF44 Ao 2,AF5.4 ACo 2,4F64 ACo 2,4F74 ACo2,ars4
AGy2,4F1, AC1 2,aF2, AC1 2,aF3, AC12,AFa, ACy2,aF5, AC 2,476, AGy 2,4F7, AC1 2,aF8,
AC22,4F14 A2 2,4r24 AC22,4r34 AC22,AF44 Al22,4F5.4 AC22,4F04 A2 2,4F74 AC22,4r8.4
Amng 1,ar13 Amng 1,ar23 Amng 1,ar33 Amno 1,ar43 Amo 1,ar5.3 Amg 1,ar6.3 Amng 1,aF73 Amno 1,ars3 Amno 1,ar93
Amny 1 aris Amny1ar2s Amni1,arss Any1,apas Ay 1arss Ay 1ar6s Ay 1aF7s Amny1,arss Ay 1,ar9s
Amn1aF1s Amns1,aF23 Amnz 1,aF33 Ans1aras Ans1ars5s3 A 1ar63 A 1,aF73 A3 1,aF83 Az 1,aF93
Amo 1.5m13 Amng 25023 ACo1,4F13 ACo1,4r23 ACo1,4F33 ACo1,Ar4s3 ACo1,4F5.3 ACo1,4F63 ACo1,4F73 ACo1,4r83 ACo1,4F93
Amnysmis Ay sm2s Adi1,4F13 ACi1,ar23 ACi1,aF33 A 1,AF43 A 1,aF53 AGi 1,463 ACi1,4F73 ACi1,ar83 ACi1,ar93
Ans 1 smis Amns 2 sM23 AC21,4F13 AC2 1,aP23 AC2 1,ar33 A2 1,ar43 A2 1,4F5.3 AC2 1,463 AC21,4F73 A2 1,aP83 AC2 1,ar03
ACo1,5M1.3 ACo 2,5M2.3 Ang 2,ar13 Ang 2,ar23 Ang 2,ar33 Ang2,ar13 Ang 2,4r5.3 Ang 2,4r6.3 Ang 2,473 Amng 2,ars83 Amng 2,403
AC11,5M1.3 AC 2,5M2.3 Ani2ar13 Any 2 ar23 Ani o ars3 ANy 2 Apa3 Any 2 ar5.3 Any 2 4763 Ani 2 ar73 Ani 2 ars3 Ani 2 ar93
A2 1,5M13 A2 2,5M2.3 Amna 2 aFis Amns2.aF23 Amn2.ar33 Any 2 aras Anz 2 arss Ana 2 aF63 Amna 2 aF7s Amn32aF83 A 2,.ar93
ACo 2,4F13 ACo2,aF23 ACo 2,aF33 Ao 2,AF43 Ao 2,4F5.3 ACo 2,463 ACo2,4F73 ACo2,aF83 ACo 2,ar93
ACy 2,4F1, Ay 2,4F2, Ay 2,4F3, AC) 2,AF4, Ay 2,4F5, AC) 2,476, ACy 2,4F7, AC) 2, AFs, Ay 2,489,
ACz2,4F13 A2 2,423 AC22,4r33 A2 2, AFa3 A2 2, aF5.3 A€z 2,4r623 AC2 2,473 AC22,4r83 A2 2,493
Amng 1,aF12 Amno 1,ar22 Amng 1,ar32 Ano 1,442 Amo 1,aF5.2 Amg 1,aF6.2 Amng 1,aF72 Amno 1,ar8.2 Amno 1,ar92
Amny 1 arie Ay 1ap22 Amny1apse Any1apaz Amny1arse Any 1 are AmnyyaF72 Amny1arsse Amny1aro2
A1 arie Ans1ap22 Az 1,ar32 Anz 1 apa2 Ans1ars2 Ana 1 are2 A1 aF72 Az 1 aFs2 Amnz1,ar92
Ang 1,5M1.2 Ang 2, 5M2.2 ACo1,aF12 Ao 1,422 Ao 1,4r32 AGo1,AFa2 ACo1,AF5.2 ACo1,4F6.2 ACo1,AF72 ACo1,4r82 Ao 1,492
Ay 1smiz Ay 2 sm22 ACy1,4F12 A1 1,ar22 A 1,aF32 A 1,AF42 Ay 1,4F5.2 ACy1,4F62 ACy1,4F72 ACi1,ar82 At 1,aF92
A1 sM12 Amns 2 sm22 AC2 1,aP12 A2 1,aP22 A2 1,aF32 A2 1,4F42 A2 1,aF5.2 AC 1,462 ACy 1,aP72 A2 1,ar82 A2 1,ar92
Aco 1,5Mm12 ACo 2,s5m2.2 Ang 2,ar12 Ang 2,ap22 Amng 2ap32 Amng 2,ap42 Ao 2,ar5.2 Ang 2,ar6.2 Ang 2,.ar72 Ang 2, ars2 Amng 2,.ar92
ACi1,5M12 ACi2,5Mm22 Any 2 ar12 ANz araa Ani g arsa ANy 2 ara2 Any 2 ar52 ANy 24762 ANy 2 ar72 Ani 2 arsa AN g ar9n
ACr 1,5M12 ACs 2, 5M2.2 Ans 2 ar12 An 2 ar2a Any 2 Ars2 Ans 5 Apan Ans 2 Ars2 Ans 2 ar6.2 Ans 2 ar7a Ans 2 arsa Any o ar92
ACo 2,aF12 ACo2,aF22 ACo2,aF32 Ao 2,AF42 Ao 2,aF5.2 ACo 2,4F6.2 ACo 2,aF7.2 ACo2,.aF82 ACo2,aF02
Ay 2,4F1, Ay 2,4F2, Ay 2,4F3, AC) 2,4F4, AC) 2,485, Ay 2,476, ACy 2,4F7, ACy 2,4F8, ACy 2,480,
Az 2,aF12 Az 2,.ap22 A2 2,ar32 A2 2,4r42 Az 2,4F52 ACs 24862 A2 2,aF72 A2 2,ap52 A2 2,4r92
Amno 1,ar1a Amo 1,ar21 Amo 1,aFs. Ano 1,4F41 Ano 1,4F5.1 Ano 1,4F6.1 Amng 1,ar7a Amo 1,arsa Amo 1,ar9.1
Amny1aFia Amny1,ar21 Amny1,arsa Any1,ar4a Any1,arsa Any1,ar6a Amny1aF7a Amny1arsa Amny1,ar9a
Amns 1 aria Amns1ap21 Amn1,ap3a Anz1apaa Ans1,arsa Ans 1, area Ana 1 ar7a Amns 1 arsa Amns1ap9a
Ang 1,5M1.1 Ang 2,5m2.1 ACo1,4F11 ACo1,aF21 AGo1,aF31 AGo1,AFa0 AGo1,4F5.1 ACo1,4F6.1 Ao 1,471 Ao 1,aF8.1 A 1,aF9.1
Ay 1,sM1a Any 2, 5M21 ACi1,AF1a ACy1,AF21 ACi1,AF31 Ay 1,AFa0 AC11,AF5. AC1 1,AF61 AC11,AF71 ACi 1,AF81 ACi1,AF91
Amna1sm1a Amny 2 sM21 ACz 1,aF1 A2 1,aF21 A2 1,AF3 A2 1,AF4 AC2 1,AF5.1 AC21,4F61 A 1,aF7 A2 1,aF81 A2 1,4F0.1
Aco 1,5Mm11 AGo 2,5M2.1 Amng 2.aF11 Amng 2,ar2. Amng 2,ap3. Amng 2,ar4 Ang 2,aF5.1 Ang 2,461 Amng 2,.aF71 Amng 2, ars Amng 2,ar9.1
Ay 1, sm1 Ay 2, 5m2.1 Amny 2 aria Amy2ap2. Ay 2ap3a ANy zapaa Any2arsa Ay 2, ar6a Amny 2 ar7a Amny 2 arsa Ay 2ap9.
AC2 1,5M1.1 AC2 2, 5Mm2.1 Ang 2 ar1a AN 2 araa Anz 2 ar3a Ang 2 apaa Ans 2 arsa Ans 2 area Ang 2 ar7a AN 2 arsa Ang 2 ar9a
ACo2,4F1 ACo 2,4r221 ACo2,4r31 ACo 2,AF41 ACo 2,4F5.1 ACo 2,4F6.1 ACo2,4F7 ACo2,4r8.1 ACo2,4r01
ACi 2,4F1, ACi 2,aF2, ACi 2,4F3, AC 2,484, ACi 2,4F5, ACi 2,4F6, ACy 2,4F7, ACi 2,aF8, ACi 2,aF9,
Az 2,aP11 A2 2,.ap2. A2 2,ar3. Az 2,484 Az 2,4F5. A 2,aF6.1 A2 2,.aP7 Az 2,.ar5. A2 2,410

FIGURE 6: ODAS geometric calibration parameters for all CCDs if we use 2 as the highest
degree of the Legendre polynomials.
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5.3.2 Geometric calibration of magnitude and colour dependent terms

To be accounted for in future development cycles.

5.4 The observation equations for the ODAS

The model parameters for the computed field angles 15! and (§'° are the assumed source pa-

rameters s; of the source which corresponds to the observation, and the attitude parameters
a(t9"™) that correspond to the time of the observation. According to the adopted Gaia mod-
elling, the geometric calibration parameters are formally added to the observed field angles.
The consequence is that the relevant derivatives in the design matrix have a minus sign in front.

In ODAS, the source parameters and the attitude must be treated in the RGC system.

The source parameters in the RGC system for the Gaia observation [ are sf¢5 = (

Only v and r are updated by ODAS.

*
Uiy Tiy Mays Horiy Wi, Uradi)~

The attitude parameters are the 16 quaternion B-spline coefficients

pRGCS = (pl(u—?)) y P2(u—3)s P3(u—3) ) P4(u—3)» - « + » P1(u)s P2(u)s P3(u); p4(u))

The indices 1,2, 3,4 correspond to the quaternion component index. The index u is the knot
index of the B-splines with u defined by ¢, < 15" < ¢,

The along-scan large-scale geometric calibration parameters are Ang fr;, An1 fn5, and Ang gy,
The across-scan large-scale geometric calibration parameters are Ay fn;, AC1 fnj, and Ang gy,

According to Eq. 12 in Bastian (GAIA-ARI-BAS-011-4)) the part of the observation equations
for the large-scale calibration read

2
> = == Ane pug L (1) (16)
r=0

The minus sign is due to the fact that the geometric calibration unknowns appear on the “ob-
served” rather than on the “calculated” side.

The derivatives thus read . o
o(ng™ —my)

= —L(j (17)
O (/1)
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Since it is the “observed” 1), which depends on the calibration parameters and 7 are constants,
it follows

anobs
4 _ * [~
A — Ly (1) (18)
Tl fnj
(32)-
[
Av;
Ar;
P1(u—3)
P2(u—3)
OF,,  OF, OF,, OF,, OF,, OF,, . . .
dv; or; 3?13‘973) Opy(u—3) ' OPg(u)  OP4(u) 0 (%) 1(A) 2(A) §3(u) (19)
OFcy  OF¢y OF¢, dFc, OF¢, OF¢, CLrE) L) —L3A) A4(u)v
v or; 0P (u— OPo(y— ap) p) 0 1 2 10 fnj
i i 1(u—3) 2(u—3) 3(u) 4(u) Any 7
nj
ANz fnj
ACo fnj
ACI fnj
AC2 fnj

+< error(nyg) )

error(¢y)

Note, that —Lj(ji) = 1 per definition. According to Lindegren (GAIA-LL-034) (page 12, after
OF,, 8an)

Eq. 15), the partial derivatives with respect to the astrometric source parameters ( B G
OF OF
Op1(u—3)’ """ Ops(u)

lates F'. The Java method is getPredictedFieldAngles in AngleCalculatorImpl ﬂ

and the attitude parameters ( ) can be calculated by the routine which calcu-

5.5 Modifications needed in order to use the AGIS method for predicted
field angles and derivatives

The AGIS calculator for the predicted field angles and its partial derivatives with respect to the
astrometric parameters and attitude B-spline coefficients can be reused, if a couple of transfor-
mations are made:

1. The ODAS attitude is defined in the RGCS. Therefore, a transformation into the
ICRS is necessary. The knot sequence is kept the same in both coordinate systems.

Therefore, the B-spline coefficients can directly be transformed using the method
described in Sect.0.21

2. The source parameters are defined in the RGCS. The transformation to the ICRS
can be done with the method described in Sect.[10.1l

3. The field angles are independent of the coordinate system.

4gaia.cu3.agis.algo.gis.fieldangleimp.AngleCalculatorImpl.java
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Astro Elementary
for observation £

Attitude for t?bs Astrometric parameters
in RGCS for source % (v;, 75, . . . ) in RGCS

Attitude for t‘zbs Astrometric parameters
in ICRS for source % (c;, &5, . . . ) in ICRS

AGIS Calculator Field Angles 1 and ¢
for predicted [ s
field angles OFne OFne _
and derivatives ORI ’
o 9F,, OF, 9F,, OF,,
see Fig| ~~ apICRS > 5,ICRS * 5,TICRS ’ 5,TCRS
Partial Derivatives of 1(u—3) 1(u—3) 3(u—3) 4(u—3)
predicted Field Angles e
e OF,, OF,, OF,, OF,,
opICRS* 3,ICRS ’ 5, ICRS ' 5, ICRS
1(w) 2(u) 3(u) 4(u)
8F<e
ICRS """
2 OP1(u=3)
’ Transformation to RGCS ‘ ~
OF,,) 0F,
Doy 0 B8 O
OF,, OF, OF,, OF,,
Partial Derivatives of 3,RGCS * 5,RGCS ' 5, RGCS * 5,RGCS *
predicted Field Angles Pi(u—3) “Pi(u—3) “P3(u—3) “Pa(u—3)
in RGCS
OF, OF, OF., OF,
s ne ne ne ne
(E2EI0P ireioesy 2pRGCS » 5,RGCS * 5,RGCS * 5,RGCS
Sect[9.3[Tor B-splines) P1(w) P2('u,(% P3 () Pa(u)
Feg
RS-
oP1(u=3)

FIGURE 7: Before using the AGIS calculator for the predicted field angles and its partial
derivatives with respect to the astrometric parameters and attitude B-spline coefficients, co-
ordinate transformations from RGCS to ICRS are necessary for attitude and B-spline coef-
ficients. The field angles, produced as an output are independent of the coordinate system,
but the partial derivatives have to be transformed from ICRS to RGCS. The blue boxes in the
figure correspond to the AGIS part (see Figid]). The green boxes indicate those parts where
transformations are necessary.

4. The partial derivatives of the predicted field angles with respect to the source pa-
rameters and the attitude parameters are defined in the ICRS. These have to be
transformed with the methods described in Sect.[10.2]and Sect.[9.3] respectively.

This is schematically shown in Fig.[7]

5.6 Filling the design matrix

The arrangement of the unknowns is in principle arbitrary, but we want to choose a clearly laid
out concept.

gRGCS

99 P

Let I be the number of sources, with the source parameters slf‘GCS, . , S?GCS. The
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source parameters of the source ¢ are szRGCS = (Ui, T3y J12 55 fris T4, Uradi )- SINce proper motions,

parallaxes and radial velocities are not updated, only partial derivatives with respect to source
parameters v; and 7; occur in the design matrix.

For each observation ¢ we have the following parameters and indices relevant for parameter
updates by ODAS:

* The two source parameters v; , and 7;.

* The 16 attitude parameters
P1(u—3)> P1u—2s P1(u—1)s> Pi(u)>

P2(u—3)s P2u—25 P2(u—1)> P2(u)>

P3(u—3)> P3u—2> P3(u—1)> P3(u)>
(u—3)> Pdu—2> Pa(u—1)> P4(u)>

Pa(u—3

* (Currently) the along-scan large geometric calibration parameters for the AF CCDs
Ano fnjs A fnj> and Any p;

* (Currently) the across-scan large geometric calibration parameters for the AF CCDs
Ao fnj> AC1 fnj, and Azny f,,;. These parameters are only updated if across-scan
information is available for CCD n.

* (Currently) the along-scan large geometric calibration parameters for the SM CCDs
Ang njs Am njs and Ay nj

* (Currently) the across-scan large geometric calibration parameters for the SM CCDs
Ay k> A nk, and Az 4,y This parameters are only updated if across-scan infor-
mation is available for CCD n.

For the cycle 6 development the second-order geometric calibration parameters Ans f,,;, ACa fn;,
AN fnj, Al fpj can be omitted.

To every source ¢ and its parameters, only nine FoV transits are possible in exactly one day
(more, if the ODAS time interval is larger than one day). In every transit, one SM observation
and up to nine AF observations (AF1-AF9) of the same source are possible. Therefore, up to
90 observations may contribute to the update of a source parameter in ODAS. Note, that each
observation can give rise to one or two observation equations (along and across scan).

The attitude parameters at knot u are connected to all observations made in four B-spline inter-
vals. Therefore, a much larger number of observations can contribute to one attitude parameter
than to a source parameter.
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The geometric parameters on one CCD n are connected to all observations performed on this
CCD. This number of observations is much larger than the number of observations contributing
to an attitude parameter.

At the other hand, the number of source parameters is much larger than the number of attitude
parameters, which in turn is larger than the number of geometric parameters (in the future,
however, the number of geometric parameters may grow).

Let L, I, U, and N + 1 be the number of observations, sources, attitude knots, and CCDs
(CCDs are numbered from 0 to /V, so that we have NV + 1 CCDs), respectively. The indices for
the calibration time intervals can be set to constant £ = 1 and j = 1 CCD indices are counted
from O to 75. The software developers can decide to omit the constants k£ and j completely. The
introduction of them was only used to make a comparison with the def intions for AGIS easier
(Lindegren| (LL-063)).

We sort all observations 1 < ¢ < L into blocks corresponding to the same source. The infor-
mation which source corresponds to an observation / is provided by the cross-match table. The
Ith observation of the source 7 is designated with the double index il (3>, ¢5P®). The number
of observations for source i is called £; and Z; for measurements in 7) and (, respectively. The
sorting leads to the blocking structure for the design matrix shown in Fig[9] If we also want to
have a blocking structure of the attitude parameters as also shown in that figure, we have to sort
all observations 1, ...:FE; (along-scan) and 71, . ..7Z; within the source blocks in time order.

This ordering is, however, not necessary for ODAS and provides only a “nice” structure.

In the same way, the computed field angles are designated with this extra index (n§° = F,, ;
calc __ ..
i = Fea.

In order to be able to write down the equations in a compact form, we used an index n =
0,...N =75 for the CCDs. The correspondence between the n and the correct CCD designa-
tion is shown in Fig.[§

Note, that parameter for SM1 only A7 1,,; and Ay 1, exists, and no Ang g,,; or Ay 2p,;. For
SM2, only Ay 2, and Ay 2, €xists, and no Ay 1, or Ay 1n;-

Therefore, there are e.g. no calibration parameters A7, 1; and A(, o1;. This is the reason why
Amny 111 follows Ans 191 and not An; 517 in the vector of ODAS updates (and therefore in the
respective columns of the design matrix). E]

The ODAS software must take into account, that CCDs may be missing. This scheme will also
change, as soon as stitching is taken into account.

>Wolfgang: You can, of course find a more reasonable way to take this into account.
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SM1.7 SM2.7 AF1.7 AF2.7 AF3.7 AF4.7 AF5.7 AF6.7 AF71.7 AF8.7 AF9.7
6 13 20 27 34 41 48 55 62 69 75
SM1.6 SM2.6 AF1.6 AF2.6 AF3.6 AF4.6 AF5.6 AF6.6 AF7.6 AF8.6 AF9_6
5 12 19 26 33 40 47 54 61 68 74
SM1.5 SM2.5 AF15 AF25 AF3.5 AF4.5 AF5.5 AF6.5 AF7.5 AF8.5 AF9.5
4 11 18 25 32 39 46 53 60 67 73
SM1.4 SM2.4 AF1.4 AF2.4 AF3.4 AF4.4 AF5.4 AF6.4 AF7.4 AF8.4
3 10 17 24 31 38 45 52 59 66
SM1.3 SM2.3 AF1.3 AF2.3 AF3.3 AF4.3 AF5.3 AF6.3 AF7.3 AF8.3 AF9_3
2 9 16 23 30 37 44 51 58 65 72
SM1.2 SM2.2 AF1.2 AF222 AF3.2 AF4.2 AF5.2 AF6.2 AF72 AF8.2 AF9.2
1 8 15 22 29 36 43 50 57 64 7
SMI1.1 SM2.1 AFL.1 AF2.1 AF3.1 AF4.1 AF5.1 AF6.1 AF7.1 AF8.1 AF9_1
0 7 14 21 28 35 42 49 56 63 70

FIGURE 8: CCD indices used for writing down the geometric parameters in the observation
equation. CCD indices start with 0!
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The vector of the updates of the ODAS unknowns are:

Any
Ady

Ang
Al

Api1
Api2
Api3
Apia

Apyi
Apya
Apys
Apya

A(Ano 101)
A(An1101)
A(Anz 101)
A(AUU 111)
A(An1111)
Az = | AAn2111)

A(Ano1N1)
A(An11N1)
A(Anz1N1)
A(Ang2N1)
A(An12N1)
A(Anz2n1)

A(ACo 101)
A(A¢1101)
A(A¢2101)
A(A¢o111)
A(AC1111)
A(AC2111)

A(AGp1N1)
A(AC11N1)
A(AC21N1)
A(AGp2n1)
A(A¢12N1)
A(A¢22N1)

source parameter updates

attitude parameter updates

AL — scan geom. parameter updates

AC — scan geom. parameter updates

(20)
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The vector of ODAS residuals, i.e. the left-hand side of the observation equations, iﬂ

obs calc
M1 T M

" obs calc
ME; ~ ME;

obs calc
C11 - C11

“~obs calc
1z, —Sizy

" obs calc
nr1 — "

" obs calc
Nre; — "IE;

obs calc
¢ —¢r1

~obs calc
Stz — Sz

2D

A different sequence may be chosen for the actual software, e.g. having the two coordinates (along and
across scan) for the source CCD transits next to each other. Then the order to the design matrix must be arranged

accordingly.
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The full observation equation reads
| =AAx (23)

FIGURE 9: Blocking structure of the design matrix (this is Fig. 1 in Bernstein et al.| (GAIA-
ARI-BST-001-5). In our nomenclature, m corresponds to our L, ng = n corresponds to I,
ng corresponds to U, and n. corresponds to N X 2 x R, where R is the highest degree of
Legendre polynomials used to describe the large-scale geometric parameters per CCD).

5.7 The weight matrices for each source

il
the source 7 is a diagonal matrix whose length is set by the number of observations available for
the source 7 (see Bombrun & Loffleri (GAIA-APB-001)).

Let 0,,, be the error of 73", and o¢,, be the error of (3. The weight matrix W; associated with

Each element on the diagonal is a positive real number equal to o7 /o3, and o7 /g, respec-
tively. og is a the unit weight error, a positive global (i.e. valid for all sources) parameter, for
example 10 pas.

For the source 7 with E; along-scan and Z; across-scan measurements, 1V; looks like this:
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ol ]og 0 0 0 0 0
0 o2 jo2 0 0 0 0
0 0 o2 |o? 0 0

o nig; ! 70
Wi 0 0 0 o, /o3 0 0 (24

0 0 0 0 o/} 0
0 0 0 0 0 o, /0%

5.8 The fictitious observation equation for the quaternion normalisation

The attitude is represented by normalised quaternions (q1, g2, g3, ¢4) calculated from a sequence
of B-spline coefficients for each quaternion component p1 ,, P2 4, P3,u P44, defined at the knots
ty.. .ty ... ty. (see Sect.[§).

If the B-spline coefficients are updated by ODAS without any additional constraints, there is no
guarantee that the updated B-spline coefficients lead to normalised quaternions.

In ODAS, “weak constraints” are used in the form of fictitious observation equations.

For this purpose, we have to evaluate the norm of the quaternions at each B-spline knot ¢,,. This
means that we have to determine the quaternions

Qu = (Grus 2u> Gus Qau) = (@1(t0), @2(tn), g3(tu), qa(tn)) (25)

for every knot t,,.

Let

V(@)™ = /(g + G+ + ) (26)
be the norm of the quaternion at ¢,,.

Our “fictitious observation” is:
N(q,)™ =1 (27)

Then the linearised observation equations in quaternions are:

4

N(qu)ObS . N<qu)calc _ Z

d=1

aN(qu)calc

4
D, dd ; qduAqq (28)

where N (q,)°" has to be computed using the starting values for the ¢, in Eq.
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For the ODAS, however, we need to update B-spline coefficients. The linearised observation
equations in B-spline coefficients are:

calc calc
> S I - 3 S I Sy,

b=u—3 d=1 Opap b=u—3 d=1 9qau

1— calc _

Since (see Sect.[8))

¢ (tu) Q1u Diu—3 + 4p1u—2 + Piu—1
¢ (ty) _ | @ | L pou3+4pru—2+pru (30)
q3(ty) q3u 6 | P3u—3t4P3u—2+ P3u_1
Q4(tu) q4u Pau—3 + 4p4,u72 + Pau—1
the derivatives with respect to the B-spline coefficients are then:
0q1u
Op1, ifs 1/6
88q2u 1/6
%Zq;:u ? = 1/6 (3 1)
8])3 u—3
8q4u 1/6
OP4,u—3
9q1u
3%1;72 2/3
q2u
r— 2/3
i S @
5 2/3
'P3,u—2
8q4u 2/3
8p4,u—2
9q1u
o 1/6
adQQu 1/6
il Il IV (33)
Op3,u—1
8q4u 1/6
6p4,u—1
8(11u
8pl,u 0
8q2u 0
ai | = o (34)
8p3,u
8q4u 0
8P4,u
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Therefore the linearised observation equations in B-spline coefficients are:

4

1 — N(qu)calc _ Z

d=1

a N ( qb)calc
aqdu

i aN(qb)calc

d=1 anu

(1/6 +2/3 + 1/6) Apau Apau

Using Eq.[28] the fictitious observation equation thus simply reads

4
N(qu)®™ = N(qu)™ = 2quuApau-
d=1

(35)

(36)

In the matrix form used for constraint equations in Eq. 10 of Bombrun & Loffler (GAIA-APB-

001)) this reads
th =TH

with
1— N(q1)
ra=| 1-N(qw

1 - N(qu)

and

291,11 292,1 293,1  2q4,u 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 2912 2922 2932  2q42 0

0 0 0 0 0 0 0 0 2q1,u 2q2,u 2q3,u 2q4,u 0 0

0 0 0 0 0 0 0 0 0 0 0 0 2q1,U 292, U

and

P11
P21
P31
P41
P1,2
P2,2
P3,2
P42

ho = Pl,u
P2,u
P3,u
Pa,u

P1,U
P2, U
P3,U
Pa,U

2q3,U

(37)

(38)

0 0
0 0
0 0
2q4,Uu

(39)

(40)
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The corresponding weight matrix is

1 0 0
1 0 0
W = Wnormalisation : : : 1 : : : (41)
0 0 1

~
unit matrix with size U xU.

According Hirte et al.| (SH-004) the weight wyormalisation €an be set to about 1 - 106,

However, ODAS must be able to change the weightﬂ We have to test during an ODAS run, how
big the largest deviation of the norm of the quaternions from 1 is.

This test can be performed after the ODAS run, when the attitude parameters (B-spline coeffi-
cients) have been updated. We have to transform the sequence of B-spline coefficients to a se-

quence of quaternions at the knots of the B-splines, and calculate the norm /(¢?, + @2, + ¢3, + 4%,
forall w = 1,...U. If for any of the quaternions at the knot times ¢,, the deviation from unity is
larger than 10~'* the weight wyormalisation has to be enlarged (see Fig..

6 The reduced normal matrix

6.1 Definition of the normal matrix

A square matrix A is called normal, if

AAR —AHA =0 (42)

AH denotes the conjugate transpose ﬂ If A is real, AY = AT, with AT being the transposed
matrix.

Normal matrices arise, for example, from a normal equation ﬂ

7in property file?
8see e.g. http://mathworld.wolfram.com/NormalMatrix.html
%see e.g. http://mathworld.wolfram.com/NormalEquation.html
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Initial

Wnormalisation
(choose

small value)

Run ODAS

Updated
B-spline
coefficients

Quaternions
at all
B-spline

knots

Calculate
norm N (q,)
of these

quaternions
-

Wnormalisation

OK

Enlarge

Wnormalisation

FIGURE 10: The weight wyormalisation has to be set once. The value should be large enough
to guarantee the normalisation of the quaternions, but not too large to influence the updates
due to the (real) observations. After an ODAS run, we can check, whether is large enough
Wnormalisation tO ensure the normalisation at the level of the numerical accuracy. wyormalisation

is of the order of 3 - 106.
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Given an overdetermined matrix equation

Axr =10

(43)

the normal equation is that which minimises the sum of the square differences between left and

right sides:

AT A is a normal matrix.

AT Az = A"

6.2 The block structure of the observation equation

In the case of the ODAS,, the observation equation reads (Eq.[23))

| = AAzx

(44)

In Sect.[5.7) we have introduced the diagonal weight matrix W; associated with each source. If
W is the matrix whose diagonal consists of all W, for all sources, the normal matrix of our

ODAS problem reads

ATWil = ATW AAz

Let us call the non-zero block for source 7 in the design matrix A (see Eq.[22))

OF, i1
ov;

8F'r],iEl-

Bvi
ov;

8FC»iZi
81.17;

OF i1
or;

OF, .z,
or;
OF¢ i1
or;

BFC,iZZ.
8Ti

(45)

(46)

Let us further call the attitude and geometric calibration part of the design matrix (Eq.22)

connected to source

OF; i1 OF i1 OF i1 OFy i1 OF i1 0F i1
Op11 Opua 0AnNo 101 0An2 on1 OAQo 101 0AC2 2N1
OF, g, OF, ik, OF, ik, OF, ik, OF, ik, OF, ik,
. op11 Opua 0Ano 101 O0AnNs on1 OA(o 101 OAC2 2N1
OZ - OF¢ i1 OF¢ i1 ¢,il ¢,il OF¢ i1 n,il (47)
Op11 Opua 0Ano 101 0An2 2an1 9ALo 101 0A(2 2N1
6FC,iZi BF“ZZ. aFCﬂ'Zi BFC,iZi 8FC,7LZZ- 6FW-ZI.
Op11 Opua 0Ano 101 0An2 2an1 9ALo 101 0AC2 2N
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The left part with the derivatives of the calculated field angles with respect to the attitude param-
eters is very sparse, because each observation contributes to four B-spline knots only. The right
part with the derivatives of the calculated along-scan and across-scan field angles with respect
to the geometric calibration parameters is also sparse, because all derivatives are zero, which
do not correspond to the correct CCD or FoV. Moreover, all derivatives of the along-scan field
angles F;, ;; with respect to the the across-scan geometric parameters A(, ¢, and all derivatives
of the across-scan field angles [ ;; with respect to the the across-scan geometric parameters
An, g;; are zero.

With these submatrices defined, the design matrix can be written as (see REFERENCE??

Si 0 ... 0 O
0 Sy ... 0 O

el (48)
0 0 ... S O

The vector of the ODAS updates (see Eq.[20) can be written as (Bombrun & Loffler] (GAIA-
APB-001))

Ay
Ady

Ang
Al

Ap11
Api2
Ap13
Apia

Apyi
Apya
Apus
Apya

A(Ang 101)
A(An1101) Any

A(Anz101) NS Ahg,
A(Amno111) Ahg,

A(An1111) ) (49)

A(A .
Az = | A@n2111) | _ Ay | = :
. Alr Ahg
A(Ano1n1) Ah Ah
A(An1181) 9 ©
A(Anz21n1)
A(Ang2n1)
A(Any2n1)
A(Anz22n1)

A(ACo 101)
A(AC1101)
A(A¢2101)
A(ACo111)
A(AC1111)
A(AC2111)

A(Ap1N1)
A(AC11N1)
A(AC21N1)
A(A¢o2N1)
A(A¢12N1)
A(A¢22N1)
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Ahy is the subvector containing all updates of the attitude and the geometric calibration param-
eters, Ahg, are subvectors containing both coordinate updates An; and A(;.

6.3 The normal matrix of ODAS

From the observation equation of ODAS | = AAx we obtain the normal equation

ATwi = ATwAAz =

calc

n97° — i3
neE, — niES
¢IrT - ¢iRe
st o 0 :
0o S3 0 Wy 0 0 ¢oB —ciye
} , , 0 Wa 0
: : | : : : -
0 0 Sp 0 0 WI ,q?lfs _ n;;{lc
T T T
Ol 02 OI .
nP%, — niHs
it -
- (50)
Sz —<i%y
st o 0
0 sy 0 w1 0 0 ls,
. . . 0 Wa 0 ls,
0 0 sT : : : :
0 0 Wi ls,
T T T
Ol 02 OI
st o 0 Ahg,
o s7 0 Wi 0 0 S5 0 0 | Oy Ahg,
. . . 0 Wo 0 0 So 0 O2 .
0o o ST : : : S I Ahg
- 0 0 Wi 0o o0 Sn | OF —=
of oFf of Aho
: : obs calc obs calc :
The subvectors [g, consist of all residuals 75”° — n7*¢ and (5>® — (5*'° of one particular source.
The multiplications result in
Siwllsl sTwys, 0 0 sTwi0, Ahg,
Sy Wals, 0 STWsSs 0 Sy W302 Ahg,
STwris 0 0 sTwrsy STwro; Ahg
si_, ofwils, OTW1S1  OF WS, otwrsy | I, ofw,o; Aho
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6.4 The reduced normal matrix of ODAS

With the exception of the lowest row of submatrices, the matrix X = ATW A in Eq. is
already in row echelon form. This enables us to easily eliminate the source unknowns from the
normal matrix. For this purpose, a Gauss elimination scheme is used, which further reduces the
entire matrix to row echelon form (on the level of submatrix blocks, not on the level of single
entries within the source or attitude/geometric calibration blocks).

This is done by elementary row operations: If we multiply the first row of K by OT WS (STW,S;)~?
and subtract the result from the last row, the first column of the last row is eliminated. If we
further multiply the first row by (ST W;S;)~!, we obtain a unity matrix 1 in the upper left corner.

If the same procedure is performed with the other rows, we obtain the following result:

(stwisy)~tsTwalg,
(83 W282)~ 185 Wals,

(STwiSp~'sTwils,

Yo (0F —ofw;si(sfwis) ' shHwiis,

1 0 0 (siwlsl)*lsiwlol Ahg,
0 1 0 (S5 WaS2) 155 Wa02 Ahg,
0 0 0 . .
T “1sTw, Ah
0 0 1 (S WiSp)~ Sy wWiOg Sy
o 0 ... 0 |xXl,0fw0;,-0fwW;s;(sTw;s) "t sTw;0; Aho

The lower right corner of the matrix is the reduced normal matrix M (reduced, because the
astrometric source parameters are eliminated).

The remaining system of equations for the attitude and geometric parameters is

b:="1_ (OF — OFWiSi(SFW;S) 'S Wils, =

(53)
(Aho Zf:1 OIW,0; — OF W, S;(SFW;S;)LSFW,0;) Aho =: M Ahg

After computing the submatrices S; and O; of the design matrix and after determining W,
the reduced normal matrix can be filled source by source by adding a summand (O W,0; —
OFW,S;(STW;S;)~LSTW;0;) to M. In the same way, the left-hand side is obtained by adding
((OF — Of WiSi(SFWiS:)~1S)Wils,).
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6.5 Inversion of the reduce normal matrix

Any kind of pseudo inversion can be used. A description of the actual method will follow in a
future version of the document.

6.6 Backsubstitution

After the subvector Ah, has been obtained by solving the reduced system of equations [53] the
source parameters can be obtained source-by-source (backsubstitution):

hs, = (STW;Sr) 1 STWi(ls, — Oshy) (54)

7 Backrotation

The algorithmic description of the backrotation will follow in a future version.

8 Attitude representation by cubic B-splines

For Gaia, the attitude parameters are represented by B-spline coefficients.

In order to determine the four attitude quaternion components (g1, g2, g3, g4) for a given time
t‘gbs, the attitude spline coefficients from four attitude knots v — 3, © — 2, v — 1, and v are needed
for each of the four attitude components: p; ,—3, P2.u—3, P3,u—3 Pau—3s - - Plu P2u> P30 Pay. I
total every observation at 2" contributes to 16 attitude parameters.

The sequence of time knots are t,,_s, t,_o, t,—1, and t,,, with v defined by ¢, < t;’bs < tyi1

tgbs_tu
tu+1 —tuy '

Lett =

Then the attitude quaternion components can be determined from
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—1

1 3
ql(t)ZE(t3. ot 1)
1

—1

1 3
q4(t):6(t3. #or )
1

P1u-3
P1ru—2
Piu—1
Piu
@(t)=...
Pau—3
Pau—2
Pau—1
Paq

o O O

o O O

(55)

In non-matrix representation the interpolation formulae for the quaternions for an equidistant

distribution of the B-spline knots is given by

1
q(t) = 6[(—1)1,%3 + 3p1u—2 — 3P1u—1 + p1,u)t3 + (3p1u—3 — 6p1u—2 + 3p1,u71)t2 + (56)
(—3p1u—3 + 3P1,u—1)t + P1u—s + 4P1u—2 + Pru—1)
1 3 2
q(t) = 6[(_p2,u—3 + 3p2u—2 — 3P2u—1 + P2,u)t” + (3p2,u—3 — 6p2u—2 + 3p2u—1)t" +
(=3p2,u—3 + 3p2,u—1)t + P2u—s + 4P2u—2 + P2u—1)
1
qs(t) = 6([—173,%3 + 3p3u—2 — 3P3u—1 + P3.u)t° + (3D3u—3 — 6P3 02 + 3p3.u—1)t” +
(—3p3,u—3 + 3P3.u—1)t + P3u—3 + 4P3u—2 + P3.u—1)
1 3 2
qu(t) = 6[(_p4,u—3 + 3Psu—2 — 3Pau—1 + Pau)t” + (3pau—3 — 6pau—2 + 3psu—1)t” +
(—3pau—3 + 3pau—1)t + Pau—s + 4Pau—2 + Pau—1)

This formula should give (with numerical accuaracy) the same result as the method interpo-
lateAttitude in gaia.cul.tools.satellite.attitude (as long as we use equidistant knots!). This has

not been verified yet!

After the interpolation, the quaternions should be normalised. With the norm

Var(t)? + (1) + gs(t)? + qu(t)?

(57)
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it follows:
Qoo (1) = @1 (1) /@1 (D)2 + q2(£) + g5(£) + qa(t)? (58)
G2norm (t) = 2(8)/ v/ q1(1)? + q2(1)% + q3(t)? + qa(t)?
G3norm (1) = a3(t)//q1(1)? + q2(£)? + q3(t)? + qu(t)?
Ganom (1) = @(t)/V @1 (12 + q2(1)? + g3(t)% + qu(t)?

In order to perform the interpolation, we need three supporting knots with spline coefficients
before the actual interpolation interval. Therefore, all subintervals which are read in or writ-
ten out should contain these three extra spline coefficients in front of the interval defined by
[thegins tend ). Note, that the IOGA delivered by IDT 5.0 is not consistent with this definition.

9 Transforming the attitude B-spline coefficients and deriva-

tives with respect to B-spline coefficients from ICRS to RGCS

and vice versa

9.1 Transformation of quaternions

The transformation between the ICRS and the RGCS is done with the help of the RGCS-
defining quaternion ¢™41°RS = ¢ICRS(3 = (T4 — Ti,ee)/2), the attitude quaternion in ICRS
approximately in the middle of an ODAS day. The actual choice of the time for which the
RGCS-defining quaternion is evaluated is not important. Any time that is reasonably close to
the middle of the ODAS time interval [Theg, Ztna) is OK.

An attitude quaternion is transformed from ICRS to RGCS by

RGCS (t) mid ICRSx ICRS (t) (59)

q =4q q

The ¢* = (—q1, —¢2, —qs, q4) denotes the conjugate of the quaternion ¢ = (g1, g2, ¢3, q4) and
the dot *“-” the quaternion product.

If we write down the quaternion components explicitly, we obtain

RGCS mid ICRS ICRS mid ICRS ICRS mid ICRS ICRS mid ICRS ICRS mid ICRS ICRS
qk —q; q} —q; qé — gy q% + q3 q% + qy qb
gRGCs —ginid ICRS qlCRS gmid IORS JICRS _  niid ICRS JICRS _  niid ICRS ICRS | jmid ICRS ;ICRS

E{GCS - _gmid ICRS . §CRS - _gmid ICRS SICRS + girid ICRS [ICRS _ gmid ICRS ICRS | mid ICRS | ICRS

: 3, : 1, 2 3. 4.
gk GCs giid IORS q4CRS gimid ICRSq{%RS 4 girid ICRSqé&RS + qémd ICRSq:IséRS + gipid ICRSq}L%RS
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In matrix form this reads

qRGCs
qi:iGCS
quGcs

kacs
q4

_ mid ICRS

_gjnid ICRS
mid ICRS
—q3
a3
mid ICRS
ds

)

_ _1CRS
2

qICRS
q}CRS
q§CRS
q4CRS

ICRS ICRS
q4 q’f
ICRS CRS
_?%RS q4ICRS
4 ICRS 1
q q

ICRS

“{2rs
ters

ICRS

—q3

ICRS mid ICRS
q —q7
q}CRs _ gmmid ICRS
q?CRS 7q§nid ICRS
?CRS n?id ICRS
qy q4

(61)

Analogously, an attitude quaternion is transformed from RGCS to ICRS by

Quaternions
in
ICRS:
qICRS (t)

qICRS (t) _

mid ICRS | qRGCS (t)

—

Multiplication
from left with
conjugate RGCS-defining

quaternion
mid ICRSx* | |

lq

(62)

Quaternions
in

—

RGCS:
gRECS(¢)

FIGURE 11: Method to transform quaternions from ICRS to RGCS: ¢RGCS (1) = gmid ICRS+

qICRS (t)

Quaternions
n
RGCS:
gRECS (¢)

—

Multiplication
from left with
RGCS-defining quaternion

Quaternions
in

ICRS:
RGCS (1)

—

q

FIGURE 12: Method to transform quaternions from RGCS to ICRS: ¢'CRS(¢) = gtrans .

qRGCS (t)

9.2 Transformation of B-spline coefficients

In the prototype versions of the ODAS software, the transformation between the B-spline coef-
ficients from the ICRS to RGCS was performed by first calculating a grid of quaternions from
the B-spline coefficients defined in the ICRS, then transforming the quaternions into the RGCS
with the method described in Sect.[9.1], and then fitting B-splines to the RGCS quaternions.

B-Spline Quaternions ICRS — RGCS
coefficients in with
for the attitude ICRS: transformation
in ICRS q"B5(1) quaternion

Quatei:Irlnlons Fit Quaternions
—  to B-splines
RGCS:
RGCS
gRECS (¢) ( )

FIGURE 13: Method to transform attitude B-Spline coefficients defined in the ICRS to attitude
B-Spline coefficients defined in the RGCS by using quaternions as intermediate values.
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This method is the only useful method if the B-Spline coefficients in the two systems are defined
on a different sequence of knots.

At the time the first versions of the ODAS were written, we did not recognize that one can
directly transform B-spline coefficients with the same method as quaternions.

The reason is the linearity of the B-splines in terms of the B-spline coefficients.

The set of B-spline coefficients p, = (p1u, Pou, P3u, P4u) With the knot index w is transformed
from ICRS to RGCS by

EGCS — qmid ICRS* | p{LCRS7 (63)
where ¢™4 ICRS* ig the conjugate RGCS-defining quaternion and the - the quaternion product.

Analogously, the set of B-spline coefficients is transformed from RGCS to ICRS by

iCRS — qmid ICRS | pSGCS (64)
Multiplication
B-spline from left B-spline
coefficient in with conjugate coefficient in
ICRS: RGCS-defining RGCS:
plCRS quaternion pRGCS
i TORSx

FIGURE 14: Method to transform attitude B-Spline coefficients from ICRS to RGCS by di-
rectly rotating with the transformation quaternion (conjugate RGCS-defining quaternion).

Multiplication
B-spline from left B-spline
coefficient in with coefficient in
RGCS: RGCS-defining ICRS:
pRECS quaternion pICRS
gmidICRS |

FIGURE 15: Transformation of attitude B-Spline coefficients from RGCS to ICRS.

In Appendix [A]it is shown that both methods are also numerically equivalent down to the level
of computational accuracy.
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9.3 Transformation of derivatives with respect to B-spline coefficients from
ICRS to RGCS

Let f be a function, for which the partial derivatives are provided with respect to the B-spline

: ICRS __ ICRS ,,ICRS ,,ICRS , ICRS).
coefﬁcwntsp - (plu 7p2u 7p3u 7p4u )

u
of
8PI§RS
0 5 ICRS
f — ap w (65)
3pICRS 5,ICRS
u ap "
Opi,
where u is the index of the knot.
The derivatives with respect to the B-spline coefficients in RGCS are
o opICRS 5 aplCRS o aplCRS 5 opICRS
ﬂf?f_cg oplCRS 5, RGTS + oplCRS 5, RCTS + 8pICRS 5, RCCTS + opICRS §,RGTS
B Py o OplCRS oplERS o7 opiCRS or _ oplCRS o7 oplCRS
f 31,%?05 f D 9pICRS 5,RCCS + pICRS BpRé;cs + 9pICRS p RETS + oplCRS apRé;cs
T hora i = = Y oplCRS Y g leRs Y o,lURs Y opICRS
OpRGCS s DpICRS §pRGCS ol St + s Dbl + 5 Bl D2 + 5 0L Do
5,RGTS s oplCRS 5 oplCRS o oplCRS 5 oplCRS
. OPIGIS opTOS T GpICRS 9,00 T GpICRS 0, GOS8 T 5,ICHS oypios
(66)
Since
ICRS __  mid ICRS RGCS
pICRS + mid ICRS, RGCS mid ICRS, RGCS _ mid ICRS, RGCS +qmid ICRS, _RGCS
1érs _q}nid ICRSP?{%}CS 4 q%nidICRSpffé;CS n q?md ICRSP?{%}CS 4 q‘rlnid ICRSpHé}CS /a RGCS
P

P / RGCS — 1. 2. 4 3, 1 4 2
0 pgggz apu 0 fqinid IcRspﬁ%cs _ ginid ICRSPR%;CS 4 gmid ICRspR“bcs 1 gmid ICRsprbcs

Py —q

u
1 P 2 1 4 4

hid ICRS. BECS _ 2id ICRS, RECS | onid ICRS, R&Cs 4 qmid ICRS Ehos
1 P1ay a2 Poy a3 P34y a4 Py

(68)

apllcRS
§pRCTS mid ICRS
P +4q,

4 4 qimid ICRS
= | ol | T —gmiatons (69)

2
5 Yers _qimd ICRS
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In the same way it follows

8pICRS
HpRGTS __mid ICRS
pJI%Rs ds ]
m +q2md ICRS
P _
9 %2’%115 = + mid ICRS (70)
OpisyicS q}nid ICRS
3132%115 —Q5
PpRGTS
orjgr
HpRGCS mid ICRS
3p]I’éRs +q5
D _gmid ICRS
P —
8133%115 = + mid ICRS (71)
PpRGTS da
%%RS __~mid ICRS
ap;gu q3
PpRATS
aplCRs
Op RGCS mid ICRS
]féRs +aq;
(9 RGCS +qmid ICRS
P _ 2
opiens | = |y jmid 1CRS (72)
gyt 3 4 1cRs
?ﬁ‘)RS qflm
6pRGCS

Therefore, the derivatives with respect to the B-spline coefficients in RGCS are

[¢) 2] id ICRS __ le] id ICRS id ICRS id ICRS
—3pR£cs +8plf)fRS qAI;m op ICJ;RS Q?l + op ICRS Q§m + op ICRS Qim
mid ICRS | 57]‘“ mid ICRS &7 mid ICRS + 5 mid ICRS
9pRGTS +ﬁpICR q3 5plCrs 44 ~ 5pICES q1 s 42
u _— Uu, U,
"y =1 5%  midICRS 5f mid ICRS mid ICRS | é’f‘ mid ICRS
6pRGCS opICES 42 + oplCEs 41 + aprcrs da opICEs 43
U,
mid ICRS __ 1.7[ mid ICRS __ mid ICRS + _0f _mid ICRS
8pRGCS apICR ql I R q 8pI R q apl RS q
(73)

10 Transforming the astrometric source parameters and deriva-
tives with respect to the source parameters from ICRS to
RGCS

10.1 Transformation of source parameters

In order to perform the transformation with the help of the transformation quaternion (conjugate
RGCS-defining quaternion), the source positions « and ¢ in the ICRS must first be transformed
into a quaternion:
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CoS d CoS «v
IcrRs _ | cosdsina
qsource - Sil’l 5 (74)
0

The corresponding quaternion in the RGCS is then

—q{“id ICRS cos 0 cos o qinid ICRS COS T COS U
RGCS — qirid ICRS cos 0 sin « ggudICRS 1 cosrsinv (75)
Qsource = _qémd ICRS qind q:r;md ICRS - sinr
qulnld ICRS 0 qinld ICRS 0
Again, the dot “-” denotes the quaternion product.
From this, v and r can be calculated:
RGCS  RGCS
v =atan2(qy ", qr ) (76)
and
r = arcsin q?GCS (77)

In the same way the proper motion x, and ps in the ICRS can be transformed into a quaternion:

— s sin d cos a — (i / cos d) sin a cos & — 15 sin 6 cos av — i sin o
1crs | —pssindsina + (u)/cosd)cosacosd | | —pssindsina + g cos o
= + 115 cos & N + 115 cos &
0 0
(78)
since

d(cos d cos a)

7 — —dsindcosa — asinacosd = —puysind cos a — i sin o
d(cos ¢ sin « :
% = —0sindsina + & cosacosd = —p5sind sin a + ), cos o
d(sin )

— 5086 = 5088

dt
(79)
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The quaternion of the proper motion in the RGCS is then

—id ICRS — sin d cos apis — sin qrid IORS
JROCS _ —qgnfd ICRS | —sindsinaus + cosap, . qénfd ICRS (80)
o _qénld ICRS 4 cos 5”5 q:r))md ICRS
mid ICRS mid ICRS
qy 0 4y
From this we obtain
RGCS
fr = q3 "/ cosT (81)
and
. qf”GCS — [ Sin 7T cosv qf‘GCS CcoST — q?GCS sin r cos v
[y = : = . (82)
sin v sinv cosr
The parallaxes o are the same in ICRS and RGCS.
o v
ICRS mid ICRS* . ,ICRS . ~mid ICRS* RGC
6 [N qsource L q : qsource : q N qsource [N r
* ICRS mid ICRS* | ,ICRS | ,mid ICRSx RGC *
1 q, q 4, q 4, 1
* *
Hs Hor
w w
Vrad Urad

FIGURE 16: Transformation of source parameters in ICRS to RGCS.

10.2 Transformation of derivatives with respect to source parameters

In ODAS, only the source positions are updated. Therefore, only the derivatives to the two
positional source parameters are regarded here.

The transformation between coordinate differences in ICRS and RGCS is mathematically the
same as the transformation between local celestial coordinates (a, d) and local scan coordinates
(w, z) which is given by the position angle of the scan 6 (see Fig. 1 in [Lindegren & Bastian
(GAIA-LL-061-3)").

Let 2R¢CS = (0,0, 1) be the unit vector, pointing in the polar direction of the RGCS (r = 7/2)
and let 2R = (2, 29, 23) be this vector transformed into the ICRS.

Written in quaternions it follows that

19Forthcoming version, so that the numbers of the equations are not finally known yet.
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Ad
Ar

Ao

Av

FIGURE 17: Rotation of coordinate differences in RGCS with respect to ICRS.

2 qinid ICRS 0 _qinid ICRS
RGCS 29 B qénid ICRS 0 _qanid ICRS (83)
z - 23 - qir)’nid ICRS 1 _qgnid ICRS

0 q?id ICRS 0 q}lnid ICRS

Analogous to Eq.xx to yy in [Lindegren & Bastian (GAIA-LL-061-3))), the rotation angle
between Ar and Ad can be determined from

. ICRS.

6 = atan2(qq —py - 2'F9) (84)

€ 9

In this equation, the dot is the scalar product between the vectors, and qo and pg are the
local tangential unit vectors on the celestial sphere, pointing in the direction of increasing o and
increasing ¢, respectively, defined by

—sind cos o
qo = —sin d sin «v (85)
cos 0

and
—sin o
Po=| —cosa (86)
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From Eq. zz from Lindegren & Bastian| (GAIA-LL-061-3):

Av = Aacos + Adsin b
Ar = Adcosf — Aasin b

(87)
we obtain the inverse transformation
Aa = Avcosd — Arsin
Ad = Arcosf + Avsind
(88)
and it follows
gz = +cosf
g—fj = —sinf
gi = +sinf
i = +cosf
or
(89)

Now, derivatives of a function f with respect to the ICRS coordinates o and ¢ can be converted
to derivatives with respect to the RGCS coordinates v and r:

of _ofoa ofos _of . of
v dadv " 95ov  da’ g5 om
0f _9foa  0fo0 _ of of

o~ 9a0r Tasor  Toa S0t 5408t

(90)
11 Converting proper directions and their derivatives into
field angles and their derivatives

The Gaia Toolbox Routine toProperSourceDirection(AstrometricSource stellarObject, boolean
withDerivatives) El calculates proper directions and and their derivatives with respect to the

public gaia.cul.tools.astro.refsystem.Extended Vector gaia.cul.tools.astro.refsystem.BarycentricReferenceFrame.toProperSourc
gaia.cul.mdb.cul.dm.AstrometricSource stellarObject, boolean withDerivatives) throws GaiaException
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ICRS 5ICRS ICRS
2

source parameters for a given time 9" and given astrometric parameters (o T

I
M(SCRS’ w).

For the ODAS we need to determine the calculated field angles F), (157, s;, a(t9™)) and F¢ (9™, s, a(t3™))
and their derivatives with respect to the source positions and the attitude parameters.

The first step is to calculate the attitude quaternion g, = q(t3"*) = (qe1, qe2, Ge3, Gea)-

From this we determine the attitude matrix (see Eq. 13 in Lindegren (LL-063)):

ah — 9 — i — G 2(qe1qe2 + qe3qea) 2(qe1qes — Qe2qea)
Alg) = | 2(q0qe — a3qe)  — G + a5 — a5 + @Gy 2(qe2qes + q1Gen) 91)
2(qnqes + qe2qen) 2(qe2qes — q01q04) —q%l - qu + q?s + 934

The calculated pseudo field angles ¢°2'¢ and (¢ (in the Satellite Reference System) are then
(Eq. 12 inLindegren| (LL-063)), see also Fig[I8):

CcOS Ccalc CcoS gbcalc w Uy
cos (M sing | = A(q) | um | = | uy (92)
sin ¢eale Uy, Uy

The pseudo field angles are connected to the Field of View Reference System (FoVRS) by
nedle = ¢eale + ~ /2 with +y being the basic angle.

u = (u, U, uy,) is the direction to the source given in the ICRS (I is a unit vector towards
(a,0) = (0,0), n is a unit vector towards 6 = 90° and m = n x [ completes the right-handed
triad.

From this we obtain
e = atan2(u,, uy) (93)

and
¢l = asin(u,) (94)

With A;; being the components of the attitude matrix the derivatives of Eq.[04] with respect
to u;, U, and u,, are

accalc B A31

ou, V01— u?

(95)
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accalc _ A32
Dum  I—u 00
calc
acere Ay ©7)

I

In the same way a little algebra leads to the derivatives of Eq.[93| with respect to u;, u,, and u,,
(using the fact that the derivatives of 1°®' are the same):

ancalc agbcalc ‘?L—il - Anz—z Aguy — Alluzuy
_ _ —Ue — (98)
oy, ouy 1+ Uz + Uy
O oA A A, = A, o9
= = w2 = 2 2
Oy, Oy 1+ % U Uy
ancalc a¢calc % — Algz—y A23U,x — A13u$uy
" 2 2
ouy, ouy, 14+ 2% Uy + Uy

The denominator can never become zero, because ( < /2.

This is a very compact way to calculate the derivatives in Eqs.[95{100] If (AGIS) Java routines
are used which obtain the derivatives via tangential vectors in the direction of increasing ¢ and
¢ (by calculating vector cross products) the equivalence of both approaches can be verified by
writing unit tests which compare the results from Eqs.[95HI00| with the respective derivatives in
the (AGIS) Java routine.

ou

Now, since the derivatives 5= and % are known from the Java Toolbox routine toProper-

SourceDirection, we can calculate

or, GF,Z% n OF, Oup, n OF, Ou,

(101)

da  Ow da | Ou,, da = Ou, Oa’

8F< B 8F¢ Gul GFC 8um 8F< Gun

da  Ou O Ou,, Oa + ou,, Oa’ (102)

oF, O0F,0u  0F,O0u, OF,0u,

25 0w 05 ou, 90 ow, 09 (103)
and OF.  OF-0w OF. ou, OF 0

gre _ Gregt, OT¢ Plm | 97¢ TUn (104)

o5~ Ou; 95 Ou,, 05 | Ou, 05
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The derivatives with respect to the attitude quaternions can be obtained in the same way from

Eqgs.[93]and [94}

8uy ou,

O™ _ 00™ _ Garle ~ el (g2u — Gt + Gatin) s — (@1 + Gatim + Gun )y
oq oq u? +u? u? + u?
(105)
calc OL J— h
M Pl = gty (qit + QUi + G3Un)Us 4 (G — Q1 + Gatiy)Uy
— =9 (106)
qo u? + u? u? +u?
calc %u — 8“zu
Jqs u? + u? uf +ug
Ju Oug
ancalc . 8_1131“% T g Uy o (_q3ul + qaupm + q1un)ux + (Q4Ul — q3Um, + q2un)uy
= =2 (108)
9qa ui + ug u2 + u?
calc Ouz
a< _ oq _ 2Q3ul — J4Um — q1Uy, (109)
oq V1—u? V1—u?
calc Ouz
ac _ 9q2 _ 2q4ul + q3Um — q2Un (110)
Iq2 V1 —u? V1 —u?
calc Ouy
¢ _ dqs _ 291“1 + QU + g3y (111)
93 V1—u? V1—u?
B calc Qug _ . "
¢ _ dqa _ 2Q2uz Q1 Um + qau (112)

944 V1—u? V1—u?

Again, these formula can be used to verify the AGIS routine.
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MISSING JPG FILE: direction.jpg

FIGURE 18: At a certain instant ¢ the celestial direction u = (ug,uy,u.) is observed at
spherical coordinates (7, ¢) in the instrument frame (this is Fig. 2 from Lindegren| (SAG-LL-|

030).

A Numerical test of the two methods to convert the attitude
from ICRS to RGCS

0.8

0.6

0.4

0.2

0.0

B-splines

-0.21

0.4}

-0.6

290 0.2 0.4 0.6 0.8 1.0
time in fractions of day

FIGURE 19: This is a plot of the assumed four B-spline coefficients in the ICRS. The equidis-
tant knot separation is Afy,ots = 0.01.. Each B-spline component (corresponding to the
quaternion components) is drawn in a different colour.

0.8

0.6

0.4}

0.2

0.0

quaternions

024

0.4

0.6

70'%.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time in fractions of day

FIGURE 20: This is a plot of the four quaternion components calculated from the B-spline
coefficients of Fig.[[9 evaluated every At = 0.001.
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quaternions

-0.5

-1'%.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

‘quatemions directly transformed to new system, Date16 10,2008 12:23

0.0 7

time in fractions of day

FIGURE 21: The quaternion components from Fig.[20| were converted to the RGCS by using
a transformation quaternion.

quaternions

-0.5

'1'%.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

quaternion from B-spline in new system, Date:16.10.2008 1223

0.0 /

time in fractions of dlay

FIGURE 22: This is a plot of the four quaternion components calculated from the B-spline
coefficients of Fig.[I9after conversion into the RGCS with the same transformation quaternion

as used in Fig.[21]

Difference between the quaternions x1.e16

difference of quaternions from B-spline in new system to the direct conversion of quaternions, Date:16.10.2008 12:23

7%.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time in fractions of day

FIGURE 23: Difference between the quaternions shown in Fig.[20] and Fig.[22] The result is
that the differences are of the order of 1016 and therefore at the level of the numerical noise.
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A.1 Python programs used for the test of the two methods to convert the
attitude from ICRS to RGCS

Note, that this a quick and dirty program just to verify that both methods provide the same result
up to the level of numerical accuracy and to produce the plots Fig.[I9to Fig.23]

Main program B-splinetest.py:

#!/usr/bin/env python

from Quaternionen import =

from Plot import =

from pylab import =*

from numpy import =

from time import =

#from quaternion_functions import *

def conjugate_quaternion(qgl,q2,q93,q94) :
return -ql,-92,-93,q4

def multiply_quaternions(qla, g2a,qg3a,q4a,qlb,g2b,g3b,qdb) :
return +g4bxqgla+g3bxg2a-g2bxqg3a+qglbxgda, -g3bxglatgdbxg2a+glbxq3a+g2bxqgda, +tgq2bxgla-qlb*xg2a+tgdbrq3a+q3bxgda, -glbxgla-gq2b*xg2a-g3bxg3a+gdbxgda

def simple_rgc_scanning_law(omega,t):
#Evaluation of the quaternions for an angular speed omega and for any time t
# For the RGCS
el,e2,e3=0.0,0.0,1.0
return Quaternion(el+sin(omegaxt/2),e2+sin(omega*t/2),e3xsin(omega*t/2),cos (omega*t/2))

def simple_icrs_scanning_law(gr,omega,t):
#Evaluation of the quaternions:
g=simple_rgc_scanning_law (omega,t)
# The ICRS is tilted relative to the RGCS according to the quaternion
# (qgrl,qr2,qr3,qr4):
qi=qrxq
return qgi

# This python script needs the file quaternion_functions.py in
# which quaternion operations and the scanning laws are defined.

# Initialize t array from tbegin to tend in steps of tstep
tbegin=0.0

tend=1.0

tstep=0.01

tb=arange (tbegin, tend, tstep)

# Angular speed omega=2xpi/T=2+pi/0.25 days for the scanning law.
rotationperiod=0.25
omega=2+pi/rotationperiod

#choose a rotation quaternion (which defines the difference between RGCS and ICRS):
gr=Quaternion (0.213146290330655,-0.590189353578809,0.583066205072733,~-0.516022273107071)

#Evaluation of the B-spline coefficients all knots in t:
#Actually this calculates quaternions, but we assume they are
# B-spline coefficients.
b=simple_icrs_scanning_law (qr, omega, tb)

# Plot the B-splines:
figure (1)
plot_quaternions (tb,b, "B-splines, ","time in fractions of day","B-Splines", "B-splines.png")

tbegin=0.1

tend=0.9

tstep=0.001

t=arange (tbegin, tend, tstep)
gl=arange (tbegin, tend, tstep)
g2=arange (tbegin, tend, tstep)
g3=arange (tbegin, tend, tstep)
g4=arange (tbegin, tend, tstep)

spline_basis_matrix=array([[-1,3,-3,1],([3,-6,3,0],[-3,0,3,0]1,[1,4,1,0]])/6.0

#bb=b.asArray (
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bl=b.cl
b2=b.c2
b3=b.c3
bd=b.c4

print bl[0]

for k in arange(3,len(t)-2):
smaller= array (where (tb<t[k]))
smallerarray=smaller[0]
leftindex= len(smallerarray)-1
# print leftindex,tb[leftindex],t[k],tb[leftindex+1]
bspline_vec=array ([bl[leftindex-1],bl[leftindex],bl[leftindex+1],bl[leftindex+2]]) .transpose ()
# print bspline_vec
tt=(t[k]-tb[leftindex])/ (tb[leftindex+1l]-tb[leftindex])
tarray=array ([tt**3,tt**2,tt,1])
bspline_vec=array ([bl[leftindex-1],bl[leftindex],bl[leftindex+1l],bl[leftindex+2]]) .transpose ()
gl [k]=dot (dot (tarray,spline_basis_matrix),bspline_vec)
bspline_vec=array ([b2[leftindex-1],b2[leftindex],b2[leftindex+1],b2[leftindex+2]]) .transpose (
g2 [k]=dot (dot (tarray,spline_basis_matrix),bspline_vec)
bspline_vec=array ([b3[leftindex-1],b3[leftindex],b3[leftindex+1],b3[leftindex+2]]) .transpose (
g3 [k]=dot (dot (tarray,spline_basis_matrix),bspline_vec)
bspline_vec=array ([b4[leftindex-1],b4[leftindex],b4[leftindex+1],b4[leftindex+2]]) .transpose ()
g4 [k]=dot (dot (tarray,spline_basis_matrix),bspline_vec)

g=Quaternion(ql, g2,93,g4)

#0mit limits of the interval for plotting

gg=Quaternion(g.cl[3:len(t)-2],g.c2[3:1len(t)-2],q.c3[3:1len(t)-2],q.cé4[3:1len(t)-2])

# Plot the B-splines:

figure (2)

plot_quaternions(t[3:len(t)-2],qq, "quaternions from B-splines, ","time in fractions of day","quaternions", "gfromB-splines.png")

# Now convert gl,q92,93,94 into another system with the gg-th quaternion
qg=10

#gmidcon=qg.conjugate ()

#gmidcon=gmidcon.asArray (

#gmidcon=gmidcon[0:4, qgq]

#print gmidcon
gmidcon=Quaternion(g.cl[qql,q.c2[qql,q.c3[qql,q.c4[qql) .conjugate ()

#gmidcon=Quaternion (qmidcon[0],gmidcon[1],gmidcon([2],gmidcon([3])

#Transformation to new system:
gn=gmidconx*q
print gn

#0mit limits of the interval for plotting

gn=Quaternion(gn.cl[3:len(t)-2],gn.c2[3:1len(t)-2],gn.c3[3:1len(t)-2],gn.c4[3:1len(t)-2])

figure (3)

plot_gquaternions(t[3:1len(t)-2],qn, "quaternions directly transformed to new system, ","time in fractions of day","quaternions", "gnewfromquaternions

# Now convert first the B-spline coefficients to the new system:
bn=gmidconxb

bln=bn.cl

b2n=bn.c2

b3n=bn.c3

b4n=bn.c4

glnn=arange (tbegin, tend, tstep)

g2nn=arange (tbegin, tend, tstep)

g3nn=arange (tbegin, tend, tstep)

gé4nn=arange (tbegin, tend, tstep)

for k in arange(3,len(t)-2):

smaller= array (where (tb<t[k]))

smallerarray=smaller[0]

leftindex= len(smallerarray)-1

print leftindex,tb[leftindex],t[k],tb[leftindex+1]

bspline_vec=array ([bln[leftindex-1],bl[leftindex],bl[leftindex+1],bl[leftindex+2]]) .transpose (
# print bspline_vec

tt=(t[k]-tb[leftindex])/ (tb[leftindex+1]-tb[leftindex])

tarray=array ([tt**3,tt*x%2,tt, 1]

bspline_vec=array ([bln[leftindex-1],bln[leftindex],bln[leftindex+1l],bln[leftindex+2]]) .transpose (
glnn[k]=dot (dot (tarray, spline_basis_matrix),bspline_vec)
bspline_vec=array ([b2n[leftindex-1],b2n[leftindex],b2n[leftindex+1],b2n[leftindex+2]]) .transpose (
g2nn[k]=dot (dot (tarray, spline_basis_matrix),bspline_vec)
bspline_vec=array ([b3n[leftindex-1],b3n[leftindex],b3n[leftindex+1],b3n[leftindex+2]]) .transpose
g3nn[k]=dot (dot (tarray, spline_basis_matrix),bspline_vec)
bspline_vec=array ([b4n[leftindex-1],b4n[leftindex],bd4n[leftindex+1],b4n[leftindex+2]]) .transpose

g4nn[k]=dot (dot (tarray, spline_basis_matrix),bspline_vec)

figure (4)
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gnn=Quaternion (glnn, g2nn, g3nn, g4nn)

ggnn=Quaternion(gnn.cl[3:len (t

figure (3)

plot_quaternions(t[3:1len(t)-2],9qqgnn, "quaternion from B-spline in new system,

figure(5)
print "gnO",gn.cl
print "ggnn=",ggn

n.cl

)-2],gnn.c2[3:1len (t

)-2],gnn.c3[3:1len(t)-2],gnn.c4[3:1len(t)-2])

gdif=Quaternion((ggnn.cl-gn.cl)*1l.el6, (ggnn.c2-gn.c2)*1.el6, (ggnn.c3-gn.c3)*1.el6, (ggnn.c4-gn.c4)*1.el6)

plot_gquaternions(t[3:1len(t)-2],qdif, "Difference of quaternions from B-spline in new system to the direct conversion of quaternions,

show ()

Quaternionen.py:

#!/usr/bin/env py
import unittest
import numpy

from numpy import

class Quaternion:
nnn

Quaternion cl
def __init_ (
self.cl=ql
self.c2=qg2
self.c3=qg3
self.cé4=qg4
def norm(self

return (self.cl+x2+self.c2+*x2+self.c3+«*x2+self.cd*%2)*x0.5

def normalise
self.cl=s
self.c2=s
self.c3=s
self.cd=s
return se
def conjugate

return self._class__ (-self

def __mul_ (

o

thon

array

ass

self, gl=

)

(self):

0,

elf.cl/self.
elf.c2/self.
elf.c3/self.
elf.c4/self.

1f
(self):

self, other
"""Multiply this quaternion
generating a new quaternion

q2=0, g3=0, q4=1)

norm ()
norm ()
norm ()
norm ()

)z

.cl,-self.c2,-self.c3,self.c4)

by another quaternion,

qg4= self.cd4xother.c4 - self.clrother.cl - self.c2*other.c2 -self.c3*other.c3
ggl= self.c4xother.cl + self.clxother.cd4 + self.c2+other.c3 -self.c3xother.c2
qgg2= self.c4xother.c2 + self.c2xother.c4 + self.c3xother.cl -self.clxother.c3
qgg3= self.cd4xother.c3 + self.c3xother.c4 + self.clxother.c2 -self.c2xother.cl
return self.__class__(qql,qqg2,qq3, qq4)
def __add__( self, other ):
"""Add this quaternion by another quaternion,
generating a new quaternion
W
return self.__class__(self.cl+other.cl,self.c2+other.c2,self.c3+other.c3,self.cd+other.cd)

def sub___(

self, other

)

Subtract another quaternion from

generating a new quaternion

qgl=self
qg2=self.
qgg3=self.
qgé=self.

.cl-other.
c2-other.
c3-other.
cd4-other.

cl
c2
c3
cé

return self.__class__(qql, 92,993, qq4)

def asArray (s

elf):

return array([self.cl,self.c2,self.c3,self.c4])

class QuaternionTests (unittest.TestCase):

def testConjugate (self):
a=Quaternion (1,2, 3,4) .conjugate ()

self.assertEquals (a

self.asse
self.asse
self.asse
b=a.conju
b=b.conju

rtEquals
rtEquals
rtEquals
gate ()
gate ()

(a
(a.c
(a

.c
.c

.C

1,-1)
2,-2)
3,-3)
4,4)

this quaternion,

self.assertEqual (b.asArray () .all(),a.asArray().all())
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def testMultiply (self):
a=Quaternion (1,2, 3,4)
p=axa.conjugate ()
print a.norm()xx2,p.c4
self.assertAlmostEqual (a.norm() *%2,p.c4,13)

def testAdd(self):
a=Quaternion(1,2,3,4)
b=Quaternion(-1,-2,-3,-4)
c=a+b
self.assertEqual (c.asArray().all(),array([0,0,0,0]).all())
if _ name__ == '_main__':
unittest.main ()

Plot.py:

#!/usr/bin/env python

from Quaternionen import =
from pylab import

from time import =

def plot_quaternions(t,q,tit,xlab,ylab,plotname) :
# Plot the B-splines:
lt=localtime ()

title ('B-splines, Date:’+str(lt([2])+’ . +str(lt[1])+’ . +str(1lt

plot (t,q.cl,’r-")
plot (t,g.c2,’b-")
plot (t,q.c3,’g-")
plot (t,g.c4,’'y-")
# axis ([0, 1, -1, 11)

xlabel (xlab)

ylabel (ylab)

savefig(plotname)

[0])+" "+4str(lt[3])+’:"+str(1t[4]),size=T7)

B Documents relevant for the ODAS/Ring Solution

Bernstein et al. (GAIA-ARI-BST-001-5) Description of the Ring Solution
Hirte et al. (SH-003 Program Description of the Ring Solution (FORTRAN version)
Hirte et al. (SH-004 Results of the Ring Solution
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