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Appendix A: GAIA’s orbit

We will assume that xy2(t), i.e., the “orbit” of L2 relative to the Solar system barycenter, is available (see
Appendix B for details), and that its spatial coordinates are (Xy2, Y12, Z12)(t), where ¢ denotes CT (i.e.,
TjpL; see Appendix B for the definition of the barycentric ecliptic XY Z-frame).

GAIA will perform its observations from a quasi-periodic Lissajous-type orbit around L2, the second
Lagrange point of the Sun/Earth-Moon system. Mignard (2002) presents an analytic analysis of the re-
stricted 3-body problem (involving the Sun, a fictitious body with the combined mass of the Earth and
the Moon located at the Earth-Moon barycenter, and a massless satellite orbiting L2) and shows that an
analytic prescription for GAIA’s orbit around L2, adequate and relevant for simulations, is given by (see his
equation 87; Figure 6):

7) = — 35000cos (27oT); (13)
T) = 110000 sin (2707);
v(r) = 110000sin (27wT),

where 7 is expressed in sidereal years (1 sidereal year = 365.256 36 d), o = 2.057014 191 per sidereal year,
and w = 1.985 074 856 per sidereal year (see equations 52 and 40 in Mignard 2002). The coordinates («, §,7)
in the above relations (expressed in units of km) are centered on L2 and are defined in a rotating frame
(note that Mignard uses the symbols (X,Y, Z) for («,3,7)). The orientation of (a,3,7) is such that, at
any instant of time, a points outwards from the Sun (through the Sun/Earth-Moon barycenter and the
Earth-Moon barycenter) to L2; 8 and v complete the right-handed triad such that § lies in the ecliptic
XY-plane and « points up, at right angles, to this plane. The origin of time can be chosen freely here, as
we are not concerned with eclipse avoidance features of the orbit (cf. Mignard 2002).

In order to be able to use equation (13) in the context of this investigation, we need to generalize the
results of the restricted 3-body problem to the real Solar system. In particular, we need to reconsider (1)
the definition of time 7 in terms of CT (i.e., Typ1,) and (2) the definition of the (a, 3,7) system in terms of
the barycentric ecliptic XY Z-system (Appendix B).

1. Although Mignard derived equation (13) with time expressed in sidereal years, we take the liberty to
interpret time as JPL ephemeris time CT (i.e., 7 — Tjp1). In practice, this choice will affect the
satellite’s velocity, but at an insignificant level in the context of this investigation.

2. Contrary to the case of the restricted 3-body problem, the Sun, the Solar system barycenter, the
Earth-Moon barycenter, and L2 are not strictly aligned, or even in a single plane, in reality. In the
following, we redefine (o, 3,7) such that, at any instant of time, o points outwards from the Sun
through L2; v is chosen to lie, at right angles to «, in the plane defined by the a- and Z-axes; and
completes the right-handed triad (3 will, by this definition, point parallel to the ecliptic XY -plane):

Xa(t) = Xpa2(t) + a(t)cosbcos ¢ — B(t)sin ¢ — (t)sin 6 cos ¢; (14)
Yo(t) = Yia(t) + «(t)cosfsing + B(t) cos ¢ — ~y(t) sin 8 sin ¢;
Zg(t) = Z1a(t) + aft)siné +7(t) cos 6,
where
B B Y12 — Yo
¢ =¢(t) = atan (XL2 — X@) (15)

6=0(t) = atan 212 — Zo ) :

(\/[XLZ — Xo? + [Yo2 — Yo 2
(Xo,Yo, Zg) refer to the barycentric ecliptic Cartesian coordinates of the Sun. Figure 7 shows the
orbit of GAIA corresponding to Figure 6 in the non-rotating frame (Xg — X12,Ye — Y12, Zg — Z12)-
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Figure 6: GAIA’s orbit around L2, in a rotating frame, according to equation (13). Motion is shown over a
10-year interval in time steps of 7 days.

Appendix B: The JPL DE405 Planetary and Lunar ephemerides

JPL DE405 (Standish 1998Db) is the latest Planetary and Lunar ephemerides available; it was created in May—
June 1997. JPL DE405 spans the time interval JD 2305424.50 TDT (9 December 1599) to JD 2525008.50
TDT (20 February 2201) and is based upon the VLBI-based International Celestial Reference Frame (ICRF).
Relativistic effects (expressed through order ¢=2) are included in all planet, Lunar, and small-body dynamics,
excluding satellites. DE405 can be accessed using four interfaces:

1. a Fortran program which reads the Spacecraft and Planetary Kernel SPK binary file de405.bsp;
2. the WWW (http://horizons. jpl.nasa.gov/);
3. telnet (ssd.jpl.nasa.gov:6775); and

4. email (horizons@ssd. jpl.nasa.gov).
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Figure 7: GAIA’s orbit around L2, in a non-rotating frame, according to equation (14). Motion is shown
over a 10-year interval in time steps of 7 days. See also Figure 6.

Whereas the WWW interface provides a restricted service only, options 3 and 4 offer a wide range of
services (e.g., Cartesian vector and osculating element ephemerides, integration of user-defined orbits, and
ephemerides for sites on bodies other than the Earth). Option 1 is equivalent to option 4 and has been
considered in some detail in Appendix B of GAIA-JdB-002.

In this technical note, we are interested in obtaining the barycentric ecliptic Cartesian state vectors
(X,Y, Z) (and associated velocities Vx, Vy, Vz) of the Sun, the planets, the Moon, and the second Lagrange
point of the Sun/Earth-Moon system (L2). The XY Z-system is oriented as follows: the XY-plane is the
plane of the Earth’s orbit at the reference epoch J2000.0 (JD 2451545.0 TDB); the X-axis points out along
the ascending node of the instantaneous plane of the Earth’s orbit and the Earth’s mean equator at the
reference epoch J2000.0 ("mean” indicating that nutation effects are ignored in the frame definition); the
Z-axis goes out perpendicular to the XY -plane in the directional sense of the Earth’s north pole at the
reference epoch J2000.0. (X,Y, Z) = (0,0,0) denotes the Solar system barycenter, i.e., the spatial origin of
the BCRS. The time coordinate associated with the spatial triad (X,Y, Z) is coordinate time (CT). CT is
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Figure 8: The black/red/green dots show the difference between “Mignard’s (2002) prescription for the orbit
of L2” and the JPL Cartesian ephemeris of L2 for the X,Y, Z spatial components, respectively, in units of
micro-AU (pAU). The time interval is 1 January 2011 through 26 December 2019; the time step is 7 days.

the uniform time scale and independent variable of the JPL ephemerides (e.g., Standish 1998a). Formally,
i.e., in a general-relativistic context, (¢ - CT, X,Y, Z) is a four-vector in the BCRS (cf. §3.1).

Options 1 and 4 — the SPK and email interfaces to the JPL ephemerides — are the most suitable
instruments for obtaining Cartesian state vectors for Solar system bodies. Email-requested Cartesian states
are, following our choice (see below), returned in units of AU (coordinates) and AU day~! (velocities),
where 1 Julian day contains 86400 s (in TDB), 1 Julian year contains 365.25 Julian days (in TDB),
and 1 AU = 1.49597870691 x 10! m (in TDB). The following sample email message (to be sent to
horizons@ssd. jpl.nasa.gov) retrieves the Cartesian state vectors (X,Y, Z) and associated velocities (Vx,
Vi, Vz) (in units of AU and AU day !, respectively) for the barycenters of Mercury (object 1), Venus (2),
the Earth (3), Mars (4), Jupiter (5), Saturn (6), Uranus (7), Neptune (8), Pluto (9), the Sun (10), the
Moon (301), and the L2 Lagrange point of the Sun/Earth-Moon system (392), all with respect to the Solar
system barycenter (“500 @ 000”), from JD 2455562.50 (1 January 2011 00:00:00 CT) to JD 2457387.50 (31
December 2015 00:00:00 CT) in time steps of 1 day:

1$$SOF (ssd) JPL/Horizons Execution Control VARLIST

1

! Send this email to: horizons@ssd. jpl.nasa.gov

! The message SUBJECT line must contain the word "JOB"
!

EMATL_ADDR

= ’Jos.de.Bruijne@rssd.esa.int’
COMMAND =1,’2’,’3’,’4’,’°,’6°,°7°,°8’,797,710°,°301°,°392’
OBJ_DATA = ’YES’
MAKE_EPHEM = ’YES’
TABLE_TYPE = ’VECTORS’
CENTER = ’500 @ 000’
REF_PLANE = ’ECLIPTIC’
START_TIME = ’JD 2455562.5°
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STOP_TIME = ’JD 2457387.5°
STEP_SIZE = ’1 days’
QUANTITIES = A’
REF_SYSTEM = °*J2000°
OUT_UNITS = ’AU-D’
VECT_TABLE = 3’

| $SEQF +++++++++++++++++++++++++dtttttttttttttt bttt bbbttt b+

L2’s Cartesian coordinates are available only through 2019 and exclusively through the email interface.
We therefore assume, following Mignard’s (2002) analysis, that, at each instant of time, L2 sits a constant
factor 1 + p (where p = 0.010 078 240 44; see Mignard’s equation 23) further from the Sun than the Earth—
Moon barycenter (EMBC):

X12=Xo + (1+4p) - (XgmBc — Xo) (16)

Yio=Ys + (1+p) - Yemsc — Yo)
Zia =20 + (1+p) (Zemsc — Zo),

where (Xo,Yo, Zo) denote the barycentric ecliptic Cartesian coordinates of the Sun. Figure 8 shows that
this definition of L2 and JPL’s ephemeris for L2 are consistent at the level of ~2 x 10~7 AU; this level of
agreement is acceptable here.
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