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FIGURE 3: Median UWE (u) as a function of magnitude (G) and colour (C = GBP−
GRP) for a subset of the sources in Fig. 2 with good colours. The bin size is 0.1 mag in
both coordinates. Only sources with ‘good’ colours were used for this diagram (and
subsequent analysis), i.e. where the �ux excess factor satis�es Eq. (C.2) in Lindegren
et al. (2018).

It is necessary thatu0(G; C) is a reasonably smooth function in both arguments, lest
artefacts in the distribution of the RUWE are introduced by the re-normalisation.
Moreover,u0(G; C) should be available even in sparsely populated areas of the magni-
tude�colour space. These requirements mean that semi-analytical functions such as
splines must be used to �t, smooth, and interpolate the values ofu0 obtained per
magnitude�colour bin. We leave this somewhat messy procedure for later and focus
now on how to estimateu0 for a given magnitude�colour bin containing a reasonable
number of sources.

One obvious thought is to use the median UWE (in the bin) as an estimate ofu0.
However, we know that any sample contains a signi�cant fraction of binaries, some of
which will have an increased UWE, and also some solutions that are ‘bad’ for various
other reasons. This means that the medianu necessarily overestimatesu0. Differently
put, there exists for every bin a certain percentageP , such thatu0 equals theP th
percentile ofu, whereP < 50%. Is there some way to estimateP?

The raw distributions ofu in Fig. 1 already provide a hint of what can be done. They
show a relatively well-de�ned peak in the distributions ofu slightly to the left of the
median. Is the peak (mode) a good estimate ofu0? Theoretically, the distribution ofu
for the subsample of well-behaved single-star solutions is expected to peak very close
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FIGURE 4: The UWE (u) as a function of the number of observations for �ve-
parameter solutions withG magnitude in the range 13.9�14.1 and colour indexC
in the range 1.0�2.0. The yellow dots are for the individual solutions; the grey curve
is the (slightly smoothed) median.

to the mean (or median) value. Adding on top of this the (unknown) distribution of
not-well-behaved solutions, which is skewed towards larger values ofu but contains
some around unity as well, will shift the mode slightly towards larger values. However,
this shift is much smaller than the difference between the mode and the median of the
full sample. (This statement can be veri�ed by numerical experiments.) Thus we
conclude that the mode is a much better estimate ofu0 than the median, but still could
be a slight overestimation ofu0. The mode is however problematic for two reasons.
The �rst (but not the worst!) problem is that the location of the mode is not invariant
under non-linear transformations. For example, the mode ofu, u2, andlog u are all
slightly different. Fortunately the differences are small in practice, and there is anyway
a simple theoretical solution. It is a well-known property of the chi-square distribution
that the cube root of� 2 is Gaussian, to a considerable degree of approximation (Wilson
& Hilferty 1931), and therefore approximately symmetrical with respect to the mode.
Hence it makes sense to use the speci�c transformationu2/3 to locate the mode.

The second problem is a much more serious one: to determine precisely the location
of the mode requires a large sample. In practice it cannot be reliably determined for
the small samples obtained with a reasonable binning in magnitude and colour, except
possibly in the most densely populated areas of the magnitude�colour space. The
approach taken here is pragmatic: use a �xed percentileP as a proxy for the mode,
and estimate thisP by means of some well-populated regions of the magnitude�colour
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FIGURE 5: Top: Map of the median UWE (u) for �ve-parameter solutions withG
magnitude in the range 13.9�14.1 and colour indexC in the range 1.0�2.0. Median
values ofu are shown in pixels of about 3.36 deg2. This full-sky map uses a Hammer�
Aitoff projection in equatorial (ICRS) coordinates withα = δ = 0 at the centre, north
up, andα increasing from right to left.Bottom: Same map in a Galactic projection
with l = b = 0 at the centre, Galactic north up, andl increasing from right to left.

space. The resulting estimates ofP range from 37% to 45%. For the remainder of this
note we adoptP = 41%. Thusu0 is simply estimated as the 41st percentile ofu in the
relevant magnitude�colour bin. This was done for3:6 ≤ G ≤ 21:0 and the range of
colours represented by the data at each magnitude.

Figure 6 shows the resulting estimates ofu0, plotted against the bin centres inG andC.
To construct a continuous functionu0(G; C) the following steps were taken. First, for
each magnitude interval (i.e. a �xedG representing the bin centre along the magnitude
axis), the variationf (C) = u0(G; C)2 was �tted by a quadratic spline, having knots
at C = 0:2, 0.6(0.3)3.0, 3.5 and using max(0; n − 2) as the statistical weights, where
n is the number of ’sources in the bin. To stabilise the �t, the spline was constrained
to be convex everywhere,@2f=@C2 ≥ 0, which seems to be consistent with the data
at all magnitudes. A few examples of the spline �ts are shown in Fig. 7. Secondly,
the spline coef�cients thus obtained were smoothed as functions ofG and interpolated
to a regular grid of magnitudes,G = 3:6(0.01)21.0. This was done using a quadratic
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FIGURE 6: The reference UWE (u0) estimated as the 41st percentile ofu in bins of
G andC = GBP − GRP. The sample is the same as in Fig. 3, but the binning is
slightly difference (bin size inG increasing forG < 6), and only bins with at least
three sources are displayed.

LOESS smoothing with a span of±0:11 mag inG. Using the smoothed spline coef�-
cients then made it possible to compute a continuous functionu0(G; C) for anyC over
the whole rage of magnitudes3:6 ≤ G ≤ 21:0. Although this gave acceptable results
for a restricted range of colours (roughly−0:5 < C < 5 it resulted in strong oscilla-
tions versusG for more extreme colours due to the extrapolated splines. To eliminate
this drawback, the cutsu0(G;−2) andu0(G; 10) were constrained to be smooth func-
tions ofG in a second �t of the splines. The resulting two-dimensional �t is shown in
Fig. 8. ForC & 5 there remain small oscillations versusG, not supported by the data,
but as they occur mainly in areas almost devoid of sources, they are of no practical
importance.

Figure 9 shows the 41st percentile of the RUWE (unorm) obtained by applying Eq. (4)
to the sample in Fig. 3. The process has successfully removed nearly all systematic
variations withG andC. Remaining variations are of the order of a few per cent for
G & 6 and0 . C . 4 and a bit larger for more extreme colours.
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FIGURE 7: Examples of the �ts of convex quadratic splines tou0 versusC = GBP−
GRP. The circles are the 41st percentiles ofu in magnitude-colour bins; the red curve
is the �tted spline. The dashed vertical lines show the positions of the knots. The four
plots are for the magnitude intervalsG = 7.00±0.05, 11.00±0.05, 15.00±0.05, and
19.00± 0.05 mag, using approximately 2k, 112k, 69k, and 56k sources, respectively.
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FIGURE 8: The �tted functionu0(G,C) calculated for the whole range ofG and for
−1 ≤ C ≤ 8.

FIGURE 9: The 41st percentile ofunorm for the sample in Fig. 3.
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FIGURE 10: Same as Fig. 1 but for the RUWE (unorm = u/u0).

FIGURE 11: Distribution of the RUWE (to power2/3) as a function of the number of
observations,N . The grey curve is the 16th percentile. The blue curve is the expected
location of the 16th percentile for the theoretical distribution (see text).

5 The distribution of the RUWE

Figure 10 shows the distribution of the RUWE (unorm) for the same magnitude sam-
ples as in Fig. 1. As expected the peak is now located close tounorm = 1:0 for all
magnitudes, and it is also slightly narrower, especially forG ' 11.
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FIGURE 12: Left: HRD for a sample of 338 833 sources nominally within 100 pc of
the Sun.Right: distributions of UWE and RUW for the same sources.

For well-behaved solutions one might expect that the re-normalised chi-square statistic
(N−5)×RUWE2 approximately follows the chi-square distribution withN−5 degrees
of freedom. To test whether this hold in practice is dif�cult because of the inevitable
presence of binaries and other complications that create a long tail of large values of the
RUWE. Even the main peak is expected to be distorted by the many solutions that are
only moderately ill-behaved. However, the lower half of the distribution, essentially
for RUWE . 1:0, should be relatively unaffected by these complications and could
therefore sensibly be tested. This is done in Fig. 11, where RUWE2/3 is plotted against
N for several magnitude intervals. From the cube-root transformation (cf. Eq. 1 and
Sect. 4) one expects the 16th percentile of RUWE2/3 to vary as1− (4:5(N − 1))−1/2.
To a good approximation this is indeed the case for the fainter sources (G & 16), but
not for the brighter ones. Especially in the intervalG = 10� 12 the distribution is quite
different. A conclusion from this is that thresholds in RUWE should be set based on
empirical evidence rather than theoretical distribution. An example is given in Sect. 6.

6 An example using the RUWE

The following application illustrates some of the bene�ts of using RUWE instead of
UWE for selecting sources with ‘good’ astrometry. Figure 12 shows the Hertzsprung�
Russell diagram (HRD) for 338 833 sources inGaia DR2, nominally within 100 pc
of the Sun, together with the distributions of UWE and RUWE for the sample. The
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sample is obtained with the criteria

(i) $ > 10 mas
(ii) $=� $ > 10

(iii) phot_bp_mean_flux_over_error > 10

(iv) phot_rp_mean_flux_over_error > 10

 (5)

This is the same as ‘Selection A’ in Appendix C of Lindegren et al. (2018), and as
discussed in that reference the HRD is not at all as clean as could be expected from
the rather stringent astrometric and photometric criteria. In particular many points fall
between the main and white-dwarf sequences, where only few are expected, and in a
big cloud roughly around colour index 1.5 and absolute magnitude 15.

The distributions of UWE and RUWE differ in the ways already discussed (Sect. 5),
although much clearer now than when random samples are considered: the peak of
RUWE is located approximately at 1.0 and is much narrower than for UWE. However,
a more interesting difference concerns the shape: for RUWE there seems to be a clear
breakpoint around RUWE= 1:4 between the expected distribution for well-behaved
solutions and the long tail towards higher values. Although the long tail is also present
in UWE, there is no clear breakpoint. Thus, looking at the distribution of RUWE it is
quite natural to adopt RUWE≤ 1:4 as a criterion for ‘good’ solutions. This retains
236 684 or 70% of the sources. The HRD for this subsample is shown in the upper-left
panel of Fig. 13.

The distribution of the UWE (red histogram in Fig. 12) does not naturally suggest
a value for the cut. but a fair comparison with the RUWE is obtained if the cut is
selected to retain the same proportion of sources, i.e. 70%. This is obtained with the
cut UWE< 1:96, resulting the the HRD in the upper right panel of Fig. 13. The HRD
based on the cut in RUWE is de�nitely cleaner than the one based on a cut in UWE, for
the same number of sources, but more important are the sources that are retained by the
cut in RUWE but removed by the cut in UWE: these are shown in the lower left HRD.
This includes most of the giants and a number of sources at the red end of the main
sequence and the blue end of the white dwarf sequence. With reference to Fig. 6 this
can easily be understood: these sources are either apparently very bright (the giants)
or have rather extreme red or blue colours, and in all these cases the ‘normal’ UWE
could easily exceed 1.96. The lower right diagram shows the sources retained by the
cut in UWE but removed by the cut in RUWE. While this includes many sources with
apparently good parallaxes and photometry, most of them (∼85%) belong to the cloud
far below the main sequence.

In summary, the selection based on the RUWE results in a sample that is both cleaner
and more complete than comparable cuts based on the UWE. The use of the RUWE is
especially useful for samples including very bright, very blue, or very red sources.
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FIGURE 13: HRD for various subsamples of the sources in Fig. 12, selected accord-
ing to UWE and RUWE as indicated in the diagrams. The upper diagrams show the
selections obtained with a cut in RUWE or UWE, in both cases retaining 70& of the
sources. The lower diagrams show the sources ‘gained’ by this cut compared with
the other cut.

7 Tables of the reference UWE

The CSV �le table_u0_g_col.txt contains a table ofu0(G; C) for G = 3:6(0.01)
21.0 mag andC = −1(0:1)10 mag. There is one line per value with the three columns
G, C, andu0. It is recommended that it is not used beyond these limits inG and
C, and that linear interpolation in both coordinates are used to avoid discontinuities.
(However, the sampling is dense enough that no serious error is made if the nearest
tabulated values is used instead of interpolation.) The table is only valid for �ve-
parameter solutions (astrometric_params_solve = 31) in GaiaDR2 with a valid
colour indexC = bp_rp .

Gaia DR2 contains many valid �ve-parameter solutions without a colour index. For
these, the functionu0(G) tabulated in the CSV �letable_u0_g.txt can be used
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instead.u0(G) was computed as the 41st percentile ofu in each magnitude bin, using
sources of all colours (or a random subset of them). In the same way as foru0(G; C),
only sources with ‘good’ colours were used for the calculation ofu0(G).

A third CSV �le table_u0_2D.txt is also provided. This contains the same infor-
mation astable_u0_g.txt andtable_u0_g_col.txt , but merged in a single �le
and in a format that may be more convenient in some applications. Seereadme.txt
for details.

8 Conclusions

For Gaia DR2 the UWE de�ned by Eq. (2) provides a more consistent measure of the
astrometric goodness-of-�t than alternative statistics such as the excess noise. To be
really useful, however, the UWE requires re-normalisation depending on the magni-
tude and colour of the source. Tables are provided to facilitate this. The usefulness of
the resulting RUWE is evident in simple applications like the HRD of nearby stars.
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Acronyms

The following table has been generated from the on-line Gaia acronym list:

Acronym Description
CCD Charge-Coupled Device
CSV Comma-Separated Value (database output format, e.g., for MS Excel)
HRD Hertzsprung-Russell Ddiagram
IAU International Astronomical Union
ICRS International Celestial Reference System
RAS Rien �a Signaler (nothing special to be noted)
RMS Root-Mean-Square
RUWE Re-normalised Unit-Weight Error
TN Technical Note
UWE Unit-Weight Error
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